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Abstract 

Manifolds without boundary, and manifolds with boundary, are uni- 
versally known and loved in Differential Geometry, but manifolds with 
corners (locally modelled on [0, oo) fe x R n_fe ) have received comparatively 
little attention. The basic definitions in the subject are not agreed upon, 
there are several inequivalent definitions in use of manifolds with corners, 
of boundary, and of smooth map, depending on the applications in mind. 

We present a theory of manifolds with corners which includes a new 
notion of smooth map / : X — > Y . Compared to other definitions, our 
theory has the advantage of giving a category Man c of manifolds with 
corners which is particularly well behaved as a category: it has products 
and direct products, boundaries dX behave in a functorial way, and there 
are simple conditions for the existence of fibre products X XzY in Man c . 

Our theory is tailored to future applications in Symplectic Geometry, 
and is part of a project to describe the geometric structure on moduli 
spaces of J-holomorphic curves in a new way. But we have written it as 
a separate paper as we believe it is of independent interest. 



1 Introduction 

Most of the literature in Differential Geometry discusses only manifolds without 
boundary (locally modelled on R"), and a smaller proportion manifolds with 
boundary (locally modelled on [0, oo) xl"' 1 ). Only a few authors have seriously 
studied manifolds with corners (locally modelled on [0, oo) fe x R n ~ k ). They were 
first developed by Cerf [T] and Douady [2 in 1 961, who were primarily interested 
in their Differential Geometry. Janich [5] used manifolds with corners to classify 
actions of transformation groups on smooth manifolds. Melrose [T2J[T3| and 
others study analysis of elliptic operators on manifolds with corners. Laures |10) 
defines a cobordism theory for manifolds with corners, which has been applied 
in Topological Quantum Field Theory, by Lauda and Pfeiffer [5] for instance. 
Margalef-Roig and Outerelo Dominguez [TT] generalize manifolds with corners 
to infinite-dimensional Banach manifolds. 

How one sets up the theory of manifolds with corners is not universally 
agreed, but depends on the applications one has in mind. As we explain in 
Remarks 12. 11[ [331 and IB~3l which relate our work to that of other authors, there 
are at least four inequivalent definitions of manifolds with corners, two inequiv- 
alent definitions of boundary, and (including ours) four inequivalent definitions 
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of smooth map in use in the literature. The purpose of this paper is to carefully 
lay down the foundations of a theory of manifolds with corners, which includes 
a new notion of smooth map f : X — > Y between manifolds with corners. 

The main issue here is that (in our theory) an n-manifold with corners X has 
a boundary dX which is an (n— l)-manifold with corners, and so by induction 
the fc-fold boundary d k X is an (n — A:)-manifold with corners. How to define 
smooth maps / : X —> Y in the interiors X°,Y° is clear, but one must also 
decide whether to impose compatibility conditions on / over d k X and d l Y, and 
it is not obvious how best to do this. Our definition gives a nicely behaved 
category Man c of manifolds with corners, and in particular we can give simple 
conditions for the existence of fibre products in Man c . 

The author's interest in manifolds with corners has to do with applica- 
tions in Symplectic Geometry. Moduli spaces Mg™(M, L, J, f3) of stable J- 
holomorphic curves in a symplectic manifold (M, u) with boundary in a La- 
grangian L are used in Lagrangian Floer cohomology, open Gromov-Witten in- 
variants, and Symplectic Field Theory. What geometric structure should we put 
on M l g ™(M,L,J,/3)7 Hofer, Wysocki and Zehnder gj make M l g J(M, L, J, /3) 
into a polyfold (actually, the zeroes of a Fredholm section of a polyfold bun- 
dle over a polyfold). Fukaya, Oh, Ohta and Ono [3] make M. '™ (M, L, J, f$) 
into a Kuranishi space. But the theory of Kuranishi spaces is still relatively 
unexplored, and in the author's view even the definition is not satisfactory. 

In [6] the author will develop theories of d-manifolds and d-orbifolds. Here d- 
manifolds are a simplified version of Spivak's derived manifolds [16) , a different- 
ial-geometric offshoot of Jacob Lurie's Derived Algebraic Geometry programme, 
and d-orbifolds are the orbifold version of d-manifolds. We will argue that the 
'correct' way to define Kuranishi spaces is as d-orbifolds with corners, which 
will help to make [3J more rigorous. In future the author hopes also to show 
that polyfolds can be truncated to d-orbifolds with corners, building a bridge 
between the theories of Fukaya et al. [3J and Hofer et al. [4] . 

To define d-manifolds and d-orbifolds with corners we first need a theory 
of manifolds with corners, and we develop it here in a separate paper as we 
believe it is of independent interest. For [5] and later applications in Symplectic 
Geometry, it is important that boundaries and fibre products in Man c should 
be well-behaved. The author strongly believes that the theory we set out here, 
in particular our definition of smooth map, is the 'right' definition for these 
applications. As evidence for this, note that in [6] we will show that if X,Y 
are d-manifolds with corners, Z is a manifold with corners, and / : X —> Z, 
g : Y — » Z arc arbitrary smooth maps, then a fibre product X x f t z,g Y exists 
in the 2-category dMan c of d-manifolds with corners. The fact that this works 
is crucially dependent on the details of our definition of smooth map. 

We begin in Sj2]with definitions and properties of manifolds with corners X, 
their boundaries dX, fc-boundaries d k X and fc-corners Ck(X) = d k X/Sk- Sec- 
tion [3J defines and studies smooth maps / : X — > Y of manifolds with corners, 
and 2] explains two ways to encode how a smooth / : X — » Y relates d k X 
and d l Y for k,l ^ 0. Sections EHT] discuss submersions, transversality and fibre 
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products of manifolds with corners, and orientations and orientation conven- 
tions. The proofs of Theorems 16.41 and 16.111 two of our main results on fibre 
products, are postponed to ^SJand ^ 

The author would like to thank Franki Dillen for pointing out reference [11] . 

2 Manifolds with corners, and boundaries 

We define manifolds without boundary, with boundary, and with corners. 
Definition 2.1. Let X be a paracompact Hausdorff topological space. 

(i) An n- dimensional chart on X without boundary is a pair (U,(f>), where 
U is an open subset in R", and <f> : U — > X is a homeomorphism with a 
nonempty open set (j>(U) in X. 

(ii) An n-dimensional chart on X with boundary for n 1 is a pair ([/,</>), 
where U is an open subset in R n or in [0, oo) x R™ -1 , and <j> : U —> X is a 
homeomorphism with a nonempty open set <j>(U). 

(iii) An n-dimensional chart on X with corners for n 1 is a pair ([/,</>), 
where U is an open subset in R£ = [0, oo) fc x R"~ fe for some ^ k ^ n, 
and (j> : U — > X is a homeomorphism with a nonempty open set 4>(U). 

These are increasing order of generality, that is, (i) (ii) (iii). 

For brevity we will use the notation R£ = [0, oo^xK"^, following Q21 §1.1]. 

Let A C M m and B C M™ and q : 4 ^ B be continuous. We call a 
smooth if it extends to a smooth map between open neighbourhoods of A, B, 
that is, if there exists an open subset A' of R m with A C A' and a smooth map 
a' : A' — > R™ with q!\a = a. HA is open we can take A 1 = A and a 1 = a. 
When m — n we call a : A — > B a diffeomorphism if it is a homeomorphism 
and a : A — > _B, a -1 : B ^ A are smooth. 

Let (£/, </>), (V, "0) be n-dimensional charts on X, which may be without 
boundary, or with boundary, or with corners. We call {U, 4>) and (V, ip) compat- 
ible if t/^ 1 o cj) : (j)' 1 ^(U) ("1 ^(V)) ->• tA -1 (<t>{U) n i/)(F)) is a diffeomorphism 
between subsets of R™, in the sense above. 

An n-dimensional atlas for X without boundary, with boundary, or with cor- 
ners, is a system {(t/ 4 ,</> 1 ) : i G /} of pairwise compatible n-dimensional charts 
on X with X — {J ieI (j) l (U l ), where the {U 1 ,^ 1 ) are with boundary, or with 
corners, respectively. We call such an atlas maximal if it is not a proper subset 
of any other atlas. Any atlas {(U i , <p l ) : i £ 1} is contained in a unique maximal 
atlas of the same type, the set of all charts (U, <p) of this type on X which are 
compatible with (If 1 , 4> l ) for all i £ I. 

An n-dimensional manifold without boundary, or with boundary, or with cor- 
ners, is a paracompact Hausdorff topological space X equipped with a maximal 
n-dimensional atlas without boundary, or with boundary, or with corners, re- 
spectively. Usually we refer to X as the manifold, leaving the atlas implicit, and 
by a chart (U, <p) on the manifold X, we mean an element of the maximal atlas. 
When we just say manifold, we will usually mean a manifold with corners. 
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Here is some notation on (co)tangent spaces. 

Definition 2.2. Let X be an n-manifold with corners. A map / : X — > R is 
called smooth if whenever (U, 4>) is a chart on the manifold X then focf>: U — >• K 
is a smooth map between subsets of R™, R, in the sense of Dchnition l2.il Write 
C°°(X) for the R-algebra of smooth functions / : X ->• R. 

Following 7, p. 4], for each a; G X dehne the tangent space T X X by 

T X X = \y : v is a linear map C°°(X) — > R satisfying 

"(/<?) = v(f)g(x) + f(x)v(g) for all / , <? G C°°(A)}, 

and define the cotangent space T*X = (T X X)*. Both are vector spaces of 
dimension n. For each x G X, we define the inward sector IS(T X X) of vectors 
which 'point into X\ as follows: let (U, <j>) be a chart on X with [/ C R£ open 
and G U with 0(0) = x. Then d</>| : T R^ = R" -4 T^X is an isomorphism. 
Set IS{T X X) = d0| o (Mfc) C T X X. This is independent of the choice of (U, <j>). 

We now study the notion of boundary dX for n-manifolds X with corners. 

Definition 2.3. Let U C RJ? be open. For each it = (tti, . . . , u„) in U, define 
the depth depth^ u of u in U to be the number of Mi, . . . , Uk which are zero. 
That is, depths u is the number of boundary faces of U containing u. 

Let X be an n-manifold with corners. For x G X, choose a chart (U, </>) on 
the manifold X with <j){u) — x for u G U, and define the depth depth^ x of a; 
in X by dcpth x a; — depth^ u. This is independent of the choice of (U, 4>). For 
each k = 0, . . . , n, define the depth k stratum of X to be 

S k {X) = {x G X : depths x = k). 

The proof of the next proposition is elementary. 

Proposition 2.4. Let X be an n-manifold with corners. Then 

(a) X = ]T k=0 S k {X), andS^X) = [j^ k S l (Xy, 

(b) Each S k (X) has the structure of an (n — k) -manifold without boundary; 

(c) X is a manifold without boundary if and only if S k (X) = for k > 0; 

(d) X is a manifold with boundary if and only if S k (X) = for k > 1; and 

(e) If x £ S (X) then IS(T X X) in T X X is isomorphic to R^ 1 in R™. Also the 
intersection IS(T X X) n -IS(T X X) in T X X is T x S k {X) = R n ~ k . 

Definition 2.5. Let X be a manifold with corners, and x G X . A ZocaZ boundary 
component f3 of X at x is a local choice of connected component of S 1 (X) near 
a;. That is, for each sufficiently small open neighbourhood V of x in X, (3 gives a 
choice of connected component W of V ("1 5 1 (A) with x G W, and any two such 
choices V, W and V, W must be compatible in the sense that x G (W fl W). 
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The meaning of local boundary components in coordinate charts is easy to 
explain. Suppose (U, (j)) is a chart on X with <j)(u) = x, where U is an open set 
in RJ!, and write u = {u\, . . . , u n ). Then 

s\u) = U* =1 {0n, . . . ,x n ) e U : Xi = 0, Xj ^ for j ^ i, j = 1, . . . , k}. 

If Ui = for some i = 1, . . . , k, then {(xi, . . . , x n ) G U : Xi = 0, Xj ^ for j ^ i. 
j = 1, . . . , k\ is a subset of 5' 1 (C/) whose closure contains it, and the intersection 
of this subset with any sufficiently small open ball about u is connected, so this 
subset uniquely determines a local boundary component of U at it, and hence 
a local boundary component of X at x. Thus, the local boundary components 
of X at x are in 1-1 correspondence with those i — 1, . . . , k with Ui = 0. But 
the number of such i is the depth depths x. Hence there are exactly depths x 
distinct local boundary components ft of X at x for each x G X. 

Definition 2.6. Let X be a manifold with corners. As a set, define the boundary 

dX = {(x,0) :xeX,(3 is a local boundary component for X at s}. (1) 

Define a map ix ■ dX — > X by ix '■ (x,/3) i— > x. Note that ix need not be 
injective, as |i^- 1 (a^)| = depths x for all x E X . 

If (U, <j>) is a chart on the manifold X with J7 C open, then for each 
i = 1, . . . , k we can define a chart (t/;, <^j) on by 

f/i = {Oi, . . . ,x„_i) G Efclj : (ari, . . . , Xi-i, 0, x i: . . . ,x n -i) C }, 
0i : (a;i,...,x„_i) i — > (<l>(xi, . . . , Xi-i, 0, x i} . . . , x n -i), (j)*{{xi = 0})). 

All such charts on d X are compatible, and induce a manifold structure on dX. 
Thus as in Douady 2, §6] we may prove: 

Proposition 2.7. Let X be an n-manifold with corners. Then dX is naturally 
an (n — 1) -manifold with corners for n > 0, and dX = if n = 0. 

The map ix ■ dX — ¥ X is continuous, and we will see in $3]that it is smooth. 
By considering the local models R£ for X, we see: 

Lemma 2.8. As a map between topological spaces, ix '■ dX — > X in Definition 
12.61 is continuous, finite ( that is, i x x (x) is finite for all x G X ), and proper ( that 
is, if S C X is compact then i x 1 (S) C dX is compact). 

As dX is a manifold with corners we can iterate the boundary construction 
to obtain dX, d 2 X, . . . , d n X , with d k X an (n — fc)-manifold with corners. 

Proposition 2.9. Let X be an n-manifold with corners. Then for k = 0, . . . , n 

there are natural identifications 

d k X = Ux, fix, . . . , Pk) '■ x G X, /3i, . . . , f3k are distinct 

1 (^) 

local boundary components for X at xj . 



5 



Proof. Consider first the case k — 2 . Points of d 2 X are of the form ( [x , 0\ ) , 02 ) , 
where x £ X, and 0± is a local boundary component of X at x, and /?2 is a local 
boundary component of dX at (x,0i). Suppose (U,<p) is a chart for X with 
x — 4>(u) for some u G [/, where £7 is open in M." for Z 2, and m = (iti, . . . , u n ), 
with itjj = and </> _1 (/3i) the local boundary component a;^ = in U. Then |J5J 
givesachart (J7 U > U ) for <9X with ^ ((ux, . . . , it^-i, . . . , ««)) = (a;,j9i). 

Thus (f)^ (02) is a local boundary component for £7^, and so is of the form 
Xj = for j = 1, ...,/ — 1. Write 12 = j if j < i\ and 12 = j + 1 if j ii. Then 
Ui 2 = 0, as Ui 2 is the j th coordinate of (ui, . . . , u^-i, w tl +i, . . . , u n )- 

Let /32 be the local boundary component <^>*({a;i 2 = 0}) of X at x. Then 
02 ^ Pi a s «2 7^ ii- We have constructed a 1-1 correspondence between local 
boundary components /?2 of dX at (a;, and local boundary components 02 
of X at a; with 02 ^ 01- This 1-1 correspondence is independent of the choice 
of chart (U, </>). Identifying ((x,^i),j8a) w hh (x, 01,02) gives (O for fc = 2. 

We prove the general case by induction on k. The case k = is trivial, k = 1 
is ([1]), and fc = 2 we have proved above. For the inductive step, having proved 

for k < I < n, we show that at a point of d l X identified with (p, 0i, . . . , 0i) 
under ([3]), local boundary components of d l X are in 1-1 correspondence with 
local boundary components 0i-\-% of X at p distinct from 0x,...,0i- □ 

Definition 2.10. Write Sk for the symmetric group on k elements, the group of 
bijections a : {1, . . . , k} — > {1, . . . , k}. From © we see that d k X has a natural, 
free action of Sk by permuting 0i, ... ,0k, given by 

a : (x,0i, ...,0 k )' — >■ (a;,/3 (T (i), . . .,0 a (k))- 

Each a G Sk acts on d k X as an isomorphism of (n — fc)-manifolds with corners 
(a diffeomorphism) . Thus, if G is a subgroup of Sk, then the quotient (d k X)/G 
is also an (n — fc)-manifold with corners. 

In particular, taking G = Sk, we define the k- corners Ck(X) of X to be 

C k {X) = {(x, {0i, ...,0k}) :x EX, 0i,..., k are distinct ^ ^ 

local boundary components for X at x} = d k X/Sk, 

an (n — fc)-manifold with corners. Note that 0x, ... ,0k are unordered in (|4|, 
but ordered in ©. We have isomorphisms Cq(X) = X and Ci(X) = 

Remark 2.11. We review how our definitions so far relate to those in use 
by other authors. For manifolds without or with boundary, all definitions the 
author has found (see Kobayashi and Nomizu [7] or Lang [S], for instance) 
are equivalent to Definition 12.11 However, for manifolds with corners, there 
are four main inequivalent definitions. Our terminology for (a),(b),(d) follows 
Janich 5, §1.1], and for (c) follows Monthubert pU §2.2]. 

(a) Manifolds with corners are as in Definition 12.11 

(b) A manifold with corners X is called a manifold with faces if each x G X 
lies in the image of depth x x = | i^ 1 (x) | different connected components 
of dX under ix ■ dX — > X. 
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(c) A manifold with corners X is called a manifold with embedded corners if 
there exists a decomposition dX = SiAHc^AII- ■ -UOnX for finite N 
with diX open and closed in dX, such that ix\diX ■ diX — !> X is injective 
for i = l,...,iV. We allow <%X = 0. 

(d) For each integer N ^ 0, an (N)-manifold is a manifold with corners X 
together with a given decomposition dX — d\X II • • • II 8nX with d L X 
open and closed in dX, such that ix\diX '■ diX — > X is injective for 
i = 1, . . . , N. We allow <9iA = 0. Note that N has no relation to dim A. 
A (O)-manifold is a manifold without boundary, and a (l)-manifold is a 
manifold with boundary. 

Note that (c) implies (b) implies (a), and (d) becomes (c) after forgetting 
the decomposition dX — d\X II • • • II d^X. An example satisfying (a) but not 
(b)-(d) is the teardrop T = {(x,y) eK 2 : x ^ 0, y 2 ^ x 2 — x A } , shown in Figure 
12.11 For compact X (b) also implies (c), but one can hnd pathological examples 
of noncompact X which satisfy (b), but not (c) or (d). Cerf Q], Douady [2J, 
Margalef-Roig and Outerelo Dominguez [TT], and others define manifolds with 
corners as in (a). Melrose [12j[T3] and authors who follow him define manifolds 
with corners as in (c); Melrose [131 §1-6] calls manifolds with corners in sense 
(a) t-manifolds. Janich [5J §1.1] defines manifolds with corners in senses (a),(b) 
and (d), but is primarily interested in (d). Laures [TU] also works with (N)- 
manifolds, in sense (d). 
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Figure 2.1: The teardrop, a 2-manifold with corners of type (a) 

The boundary dX of a manifold with corners X is also defined in different 
ways in the literature. In our picture, dX is a manifold with corners, with an 
immersion ix '■ dX — > X which is not necessarily injective, so that dX may not 
be a subset of A. This follows Douady [2J §6], who defines d k X (in his notation) 
to be equivalent to our Ck(X) in so that his d 1 X agrees with our dX. All 
the other authors cited define dX to be ix(dX) in our notation, so that dX 
is a subset of X, but is not necessarily a manifold with corners. But in (c),(d) 
above, the diX are both subsets of X and manifolds with corners. 

If X, Y arc manifolds with corners of dimensions m, n, there is a natural way 
to make the product X x Y into a manifold with corners, of dimension m + n. 
The following result on boundary and fc-corners of X x Y is easy to prove by 
considering local models R™+ b n = x for X x Y. 
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Proposition 2.12. Let X,Y be manifolds with corners. Then there are natural 
isomorphisms of manifolds with corners 

d(X x Y) = (dX x Y) II (X x dY), (5) 
C k (1x7) = Ui j>o, i+i=* Cj- (y ). (6) 

Note that © and @ imply that 

9 fc (x x y) s uti (*) & x x 9fe_i ^ ( 7 ) 
U" xr c k (x x y) = [u?™* Q(x)] x [u?L ra o r QOH] ■ (8) 

We will see in jg] that if X is a manifold with corners then we can make 
Uf™ X Ci(X) behave functorially under smooth maps. 

The map X i— > C'k(X) commutes with boundaries. The proof is again an 
easy exercise by considering local models R™ for X. 

Proposition 2.13. Let X be a manifold with corners and k 0. Then there 
are natural identifications, with the first a diffeomorphism: 

d(C k (X)) = C k (dX) Si { (x, fa, {fa, f3 k+1 }) : x G X, fa, . . . , *3 k+1 

are distinct local boundary components for X at x}. 

The next definition will be used in defining smooth maps in fJ3] 

Definition 2.14. Let X be a manifold with corners, and (x,j3) G dX. A 
boundary defining function for X at (x, j3) is a pair (V, b), where V is an open 
neighbourhood of x in X and b : V —J- [0, oo) is a map, such that b : V — s- K 
is smooth in the sense of Definition 12. 2[ and db\ x : T X V —> Tq[0, oo) is nonzero, 
and there exists an open neighbourhood V of (x,f3) in i~^~{V) C dX, with 
bo %x\y = 0, and ix\y '■ V — ^ { x> G ^ : &(^') = 0} is a homeomorphism 
between V and an open subset of {x' eV : b(x') = 0}. 

Thus the boundary dX is defined near (x, fa) by the equation b = in X 
near a;. Using the ideas on fibre products of manifolds with corners in one 
can say more: dX near (x, fa is naturally isomorphic to the fibre product of 
manifolds with corners V Xf, jo,oo),j {0} near (x, 0), where i : {0} — > [0, oo) is the 
inclusion, and the fibre product exists near (x,0). 

Here are some properties of such (V,b). The proofs are elementary. 

Proposition 2.15. Let X be an n-manifold with corners, and (x, fa) G dX . 

(a) There exists a boundary defining function (V,b) for X at (x,f3). 

(b) Let (V,b) and (V',b f ) be boundary defining functions for X at (x,fa. 
Then there exists an open neighbourhood V" of x in V H V and a smooth 
function g : V" — > (0, oo) C K such that b'\v" = b\v" ' 9- 



(c) Let (V,b) be a boundary defining function for X at (x,/3). Then there 
exists a chart (U, (f>) on the manifold X, such that U is open in R£ for 
< k $J n and £ U with 0(0) = x, and /? is the image of the local 
boundary component X\ = of U at 0, and (j>(U) C V, and b o <j) = x\ : 
U -4 [0,oo). 

(d) Let (U, (f>) be a chart on the manifold X, such that U is open in RJ? and 
u G U with 4>{u) = x, and f3 is the image of the local boundary component 
Xi = of U at u for i k. Then (0({/), Xi o (f)^ 1 ) is a boundary defining 
function for X at (x,/3). 

3 Smooth maps of manifolds with corners 

Here is our definition of smooth maps f : X — > Y of manifolds with corners X, Y. 

Definition 3.1. Let X, Y be manifolds with corners of dimensions m,n. A 
continuous map / : X — > Y is called weakly smooth if whenever ({/, <p), (V, if)) 
are charts on the manifolds X, Y then 

is a smooth map from (/ o 0) _1 (?/'(V^)) C K" 1 to V C R", where smooth maps 
between subsets of R m , R™ arc defined in Definition 12.11 

A weakly smooth map / : X — > Y is called smooth if it satisfies the following 
additional condition over dX, dY . Suppose x £ X with f(x) — y £ Y, and (3 
is a local boundary component of Y at y. Let (V, b) be a boundary defining 
function for Y at (y,/3). Then is an open neighbourhood of x in X, 

and bo f : — ► [0,oo) is a weakly smooth map. We require that either 
b o f = on an open neighbourhood of x in or (/ _1 (V^),& o /) is a 

boundary defining function for X at (x,/3), for some unique local boundary 
component /3 of X at x. 

We also define five special classes of smooth maps: 

Definition 3.2. Let X,Y be manifolds with corners of dimensions m, n, and 
/ : X —> Y a weakly smooth map. If x £ X with f(x) — y then in the usual 
way there is an induced linear map on tangent spaces df\ x : T X X — > T y Y . In 
the notation of Definition E2J df\ x : T X X -> T y Y maps IS{T X X) -> 7S(T v y), 
that is, d/| x maps inward-pointing vectors to inward-pointing vectors. 

Let x G S' fe (A) and y G S*'(F). Then the inclusion T x (5 fe (X)) C IS{T X X) C 
T X A is modelled on {0} x R"- fc C [0,oo) fc x R"~ fc C 1". Hence T x (S k (X)) = 
LS(T X X) n -IS(T X X), and similarly T y (S l (Y)) = IS(T y Y) n -/5(T a r). Since 
d/| x maps LS(T X X) -> IS{T y Y) it maps IS(T X X) n -IS(T X X) -> IS{T y Y) n 
-IS (T y Y), that is, d/| x maps T^S^X)) r y (5'(r)). Hence there is an 
induced linear map 

(d/U), : T a X/T a (S k (X)) — > T y F/T,(^(y)). (10) 

Now let / : A — > y be a smooth map. 
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(i) We call / a diffeomorphism if / has a smooth inverse / _1 : Y — > X. 

(ii) We call / an immersion if df\ x : T X X — > Tf^Y is injective for all x G X . 
(hi) We call / an embedding if it is an injective immersion. 

(iv) We call / a submersion if df\ x : T X X T f(x) Y and df\ x : T x (S k (X)) ->• 
T f{x) (S l (Y)) are surjcctive for all x G X, where x G S k (X), f{x) G S l (Y). 

(v) We call / boundary- submersive, or b-submersive, if (d/| x )* in (jlOp is sur- 
jective for all x G X. Note that d/^ surjective implies (d/| x )* surjective, 
so submersions are automatically b-submersive. 

Here is how Definition 13.11 relates to other definitions in the literature: 

Remark 3.3. Weakly smooth maps / : X — > Y are just the obvious general- 
ization of the usual definition [7J §1.1] of smooth maps for manifolds without 
boundary. If dY = the additional condition in Definition 13.11 is vacuous, and 
weakly smooth maps are smooth. Note that the definition of smooth maps 
/ : X — > R in Definition 12.21 is equivalent to Definition 13.11 when Y = R. 

Our definition of smooth maps between manifolds with corners is not equiv- 
alent to any other definition that the author has found in the literature, though 
it is related. Most authors, such as Cerf [TJ §1.1.2], define smooth maps of man- 
ifolds with corners to be weakly smooth maps, in our notation. But there are 
also two more complex definitions. Firstly, Monthubert [TH Def. 2.8] defines 
morphisms of manifolds with corners f : X —> Y. One can show that these are 
equivalent to b-submersive smooth maps, in our notation. We prefer our defini- 
tion, as b-submersive smooth maps do not have all the properties we want. In 
particular, Theorem I3.4( iv) . (vi) below fail for b-submersive smooth maps. 

Secondly, Melrose [13j §1.12] defines b-maps between manifolds with corners. 
Let / : X — >• Y be a weakly smooth map. We call / a b-map if the following 
holds. Let x G X with f(x) = y, and let the local boundary components of X 
at x be . . . , /3k, and of Y at y be j3%, ... ,0i- Suppose (Vi, bi) is a boundary 
defining function for X at (x,(3i), i — 1, . . . ,k, and (Vj, bj) a boundary defining 
function for Y at (y, (3j), j — 1, . . . , /. Then for all j = 1, . . . , I either bj o / 
should be zero near x in X, or there should exist ey, . . . , e^j G N such that 
bj o f = Gj ■ rii=i frf' 3 near x in X for smooth Gj > 0. Thus, a smooth map 
in the sense of Definition 13.11 is exactly a b-map / : X — >• Y such that for all 
such x, y and j = 1, . . . , I, one of e\j, . . . , e^j is 1 and the rest are zero. So our 
smooth maps are a special class of Melrose's b-maps. 

Here are some properties of smooth maps. The proofs are elementary. 

Theorem 3.4. Let W, X, Y, Z be manifolds with corners. 

(i) If f : X —}Y and g : Y — > Z are smooth then g o / : X — >• Z is smooth. 

(ii) The identity map idx ■ X —} X is smooth. 

(hi) Difjeomorphisms f : X — > Y are equivalent to isomorphisms of smooth 
manifolds, that is, to homeomorphisms of topological spaces f : X — > Y 
which identify the maximal atlases on X and Y . 
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(iv) The map ix '■ dX — > X in Definition 12.61 is a smooth immersion. 

(v) If f : W — > Y and g : X — > Z are smooth, the product f x g :W X X — » 
FxZ given by (/ x (;)(w,.t) = (f(w) ) g(x)) is smooth. 

(vi) If f : X —} Y and g : X — > Z are smooth, the direct product (/, g) : 

I->7 xZ given by (f,g)(x) = (f(x),g(x)^ is smooth. 

(vii) Regarding the empty set as a manifold and the point {0} as a 0-manifold, 
the unique maps : — > X and n : X — > {0} are smooth. 

Theorem l3.4f i).(ii) show that manifolds with corners form a category, which 
we write Man c , with objects manifolds with corners X and morphisms smooth 
maps / : X — » Y '. We write Man b for the full subcategory of Man c whose ob- 
jects are manifolds with boundary, and Man for the full subcategory of Man c 
whose objects are manifolds without boundary, so that Man C Man b C Man c . 
Theorem 13. 4f v).(vi) have a category-theoretic interpretation in terms of prod- 
ucts in Man c , and (vii) says that is an initial object in Man c , and {0} is a 
terminal object in Man c . Here are some examples. 

Example 3.5. (a) If X is a manifold with corners, the diagonal map Ax ■ X — > 
X x X, Ax ■ x H> (x,x), is a smooth embedding. This follows from Theorem 
I3.4f ii).(vi). as Ax = (idx,idx)- If dX ^ then Ax is not b-submersive, so it 
is not a morphism of manifolds in the sense of Monthubert [14, Def. 2.8]. 

(b) If X, Y are manifolds with corners then the projection irx '■ X x Y — > X is a 
smooth submersion. This follows from Theorem I3.4f ii) . (v) . (vii) . by identifying 
tt x : X x Y -> X with id x xtt : X x Y -> X x {0}. 

(c) The inclusion i : [0, oo) — > K is smooth, but it is not a submersion, since at 
e [0,oo) the map di\ : T 5°([0,oo)) -> ToS 1 ^) is not surjective. 

(d) The map / : K — > [0, oo), f{x) = x 2 is weakly smooth but not smooth, as 
the additional condition in Definition 13 . 1 1 fails at x = 0. 

(e) The map / : [0, oo) 2 — > [0, oo), f(x,y) = x + y is weakly smooth but not 
smooth, as Definition 13 . 1 1 fails at (x,y) = (0,0). 

(f) The map / : [0, oo) 2 — > [0, oo), f(x,y) — xy is weakly smooth but not 
smooth, as Definition 13.11 fails at (x,y) — (0,0). However, / is a b-map in the 
sense of Melrose [131 §1.12], with en = e2i = 1. 

4 Describing how smooth maps act on corners 

If / : X — >• Y is a smooth map of manifolds with corners, then / may relate d k X 
to d l Y for k, I in complicated ways. We now explain two different ways to 
describe these relations. The first involves a decomposition X Xy dY = HS{. 
and maps : — > X and : !=/ — > dX. This will be important in [6 
when we define d-manifolds with corners and d-orbifolds with corners, which 
are 'derived' versions of manifolds and orbifolds with corners. To make this 
generalization we find it helpful to replace a manifold with corners X by the 
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triple (X, dX, ix), so we need to characterize smooth maps / : X — > Y in terms 
of the triples (X, dX, i x ), (Y, dY, iy). 

Definition 4.1. Let X, Y be manifolds with corners, and / : X — > Y a smooth 
map. Consider the smooth maps / : X — y Y and iy : dY — > Y as continuous 
maps of topological spaces. Then we may form the fibre product of topological 
spaces X Xy dY = X x f : y,i Y 9Y, given explicitly by 

Xx Y dY = {(x, (y,P)) eXxdY: f(x) = y = iy(y,P)}. 

This is a closed subspace of the topological space X x dY, since X, dY are 
Hausdorff, and so it is a topological space with the subspace topology. 

By Definition 13.11 for each (x, (y,(3)) G X Xy dY, if (V,b) is a boundary 
defining function for Y at (y, (3), then either b o / = near x, or bo f) 

is a boundary defining function for X at some [x, jf). Define subsets s(,e/ 
of X x Y dY by (x, (y,/3)) G E f + if b o / = near x, and (x, (y,0)) G H{, 
otherwise. Define maps : — >• X by £+(a;, (Hi &)) — x an d £_ : h£. — > 
by £L(x,(y,/3)) — (x,f3), for (a;, /3) as above. It is easy to show that 
can also be defined solely in terms of (x,(y,f3)) and df\ x , and so they are 
independent of the choice of (V, b), and are well-defined. 

Here are some properties of these A continuous map g : X — > Y 

is a finite covering map if every y G Y has an open neighbourhood U such 
that <7 _1 (C/) is homeomorphic to U x T for some finite set T with the discrete 
topology, and g : £j (U) — > [/ corresponds to the projection [/ x S —*U. 

Proposition 4.2. Let / : X — > Y" be a smooth map of manifolds with corners, 
and be as in Definition ^. 11 and set n = dimX. Then 

(a) s£ are open and closed subsets of X Xy dY, with X Xy dY = e£ II E/ . 

(b) £i : — > X and £i : S_ — > are proper, finite covering maps of 
topological spaces, with = wx\^t and ix ° £_ = 70f |n/ ■ 

(c) Part (b) implies there is a unique way to make into an n-manifold 
with corners and S{_ into an (n — 1) -manifold with corners so that !;± 
are local diffeomorphisms, and so covering maps of manifolds. Then the 
projections nx '■ s£ — > X and hqy : s£ — > dY are smooth maps. 

Proof. For (a), clearly X x Y dY = E } + II E f _. Let (a;, [y,(3)) G X x Y dY, 
and (V, b) be a boundary defining function for Y at (y, (3). Then (V, 6) is also a 
boundary defining function for Y at any (y' , (3') sufficiently close to (y, (3) in dY. 
Hence if (x 1 ', (?/', /?')) is sufficiently close to (cc, (y, f3)) £ X Xy dY then (V, b) is 
also a boundary defining function for Y at (y',f3'). We have (a;, (y,(3)) G if 
6 o / = near x. Fixing (V, 6) this is an open condition in x, so is open in 
X xy dY, and thus S_ =(Ixy 5Y~) \ is closed inlxy dY. Similarly, 
(a;, (y, /?)) G E_ if (/ _1 (V^), 6°/) is a boundary defining function for X at some 
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(x,ft). Fixing (V, b) this is an open condition in (x,/3), so S_ is open, and 
= (X Xy dY) \ S_ is closed, proving (a). 

For (b), the identities = ttx \^f and ix ° = \wf are immediate. First 
consider : — > A. Since iy ■ dY — > Y is proper and finite by Lemma 
12.81 Tlx : X Xy dY — > X is proper and finite by properties of topological 
fibre products, and so = 7Tx|h^ : -> A is proper and finite as 
is closed in X Xy dY. To see that & is a covering map, note that it is a 
local homeomorphism, since as above, given (x, G if a;' is close 

to x in X then setting y' = f(x'), (V,b) is a boundary defining function for 
Y at (y',(3') for some unique local boundary component (3' of F at /?', and 
then (V, e s£ with £+(V, (y',ft)) = a;'. We have constructed a local 

inverse x' >-> (x 1 , (y\ /?')) for ^ which is clearly continuous, so is a local 
homeomorphism, and thus a finite covering map, as it is finite. 

Next consider £_ : H_ — » SA. As above, given (x, (y, /?)) £ S_ we may fix 
a boundary defining function (V,b) for Y at (y,/3), and then for (x',(y',ft)) 
near (x, (j/, /?)) in E/ we have tt(x', (y',(3')) = (x',ft), where ft is the unique 
local boundary component of X at x' such that 6 o /) is a boundary 

defining function for X at (x',ft). Therefore £_ is continuous, as /?' depends 
continuously on a;'. As above 7rx : A Xy <9F — > X is proper and finite, so 
ix ° £,L — ttx\e j _ '■ s{. — > A is proper and finite as E/ is closed, and hence £^ is 
proper and finite. We show £_ is a finite covering map by constructing a local 
inverse (x',ft) H> (a;', (y',/3 1 )) as for This proves (b). 

For (c), wx X is X and tt x : Ei -> A is ix o £i : E){. 

A, so 7Tx : s£ — > A are smooth as are covering maps of manifolds, and so 
smooth. To see irgy : s£ — > dY are smooth, note that iyoixgy = f ott x as maps 
s£ — > Y, so iy o ttqy : s£ — >• Y is smooth, and it follows that irgy : s£ — > dY 
is smooth as ngy is continuous and iy : dY — > Y is an immersion. □ 

Using S:£,££ we can define a decomposition dX = d+X II d*_X. 

Proposition 4.3. Let f : X — > Y be a smooth map of manifolds with corners. 
Define dLx = £^(e/) and d{x = dX\ ^L(E f _), so that dX = d^X II d f _X. 
Then d±X are open and closed in dX, so they are manifolds with corners. 

Proof. As £_ : E_ — > dX is a covering map by Proposition 14.2T b) . £_(S_) is 
open in dX. Since £_ is proper and S_, dX are Hausdorff, £_(S_) is closed in 
dX. So a{A, and hence d{x = dX\d f _ A, are open and closed in dX. □ 

We can characterize b-submersive morphisms / : X — i- Y in Definition 13 . 2f v) 
in terms of E_ , . The proof is an easy exercise. 

Lemma 4.4. Let f : X — > Y be a smooth map of manifolds with corners. 
Then f is b-submersive if and only if "eJ_ =Ixy dY, so that = 0, and 
£/ . g/ _^ is infective. 
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We now move on to our second way of describing how / relates d k X and d l Y . 
Equation ([8} showed that if X is a manifold with corners then X M> U i>0 Ci(X) 
commutes with products of manifolds. We will explain how to lift a smooth 
map / : X — > Y up to a map C(f) : Ui^o — > IJj^o which is (in a 

generalized sense) smooth, and which is functorial in a very strong sense. 

Definition 4.5. Let X, Y be smooth manifolds with corners and / : X — > Y a 
smooth map. Define C(f) : Ut^ X QPO LlS^ b ^ 

C(/) : (x, {$!,..., ft}) .— ► (y, {Pi,..., &}), where 

{ft,. ••,&} = {/?: (x,(y,p))es f _, d(x,(y,P))=(xJi), 1 = 1,...,*}. 

Definition 4.6. Let {X^ : i € 1} and {Yj : j 6 J} be families of manifolds, 
where /, J are indexing sets. We do not assume that all Xj have the same 
dimension, or that all Yj have the same dimension, so Yliei -^i and Uj e j Yj 
need not be manifolds. We call a map / : U iG /Xi — ^ IXfeJ^j' smooth if / is 
continuous, and for all i G / and j G J the map 

/kn/-i(r J ):^n/- 1 (y J )->y i 

is a smooth map of manifolds. Here Yj is an open and closed subset of the 
topological space IX, e j Yj, so Xj fl f^ 1 (Yj) is an open and closed subset of Xj 
as / is continuous, and thus Xi D f^ 1 (Yj) is a manifold. 

The next theorem, in part parallel to Theorem l3.4l gives properties of these 
maps C(/). The proofs are elementary. The theorem basically says that map- 
ping X H> U i>0 Ci(X) and / >-> C(f) yields a functor which preserves smooth- 
ness, composition, identities, boundaries dX, immersions ix ■ dX — » X, and 
products and direct products of smooth maps. Theorem 16 . 1 1 1 will also show that 
the functor preserves strongly transverse fibre products. 

Theorem 4.7. Let W,X,Y,Z be manifolds with corners. 

(i) If f :X ^Y is smooth then C{f) : \J l>0 C l {X) -> ]\ j>Q C 3 {Y) is smooth 
in the sense of Definition 14.61 

(ii) If f : X -> Y and g : Y -> Z are smooth then C(g o /) = C{g) o C(/) : 

Ui>oCi(*)">II fc> o<W 

(iii) C(idx)=id Ufe>oCfeW :U^ CfeW^U^o^W- 

(iv) T/ie diffeomorphisms Ck{dX) = dCk(X) in Q identify 

C(ix) ■■ Uk>a C k(9X) — »• U fe>0 C fe (X) urift 

*U fc>0 c fc (x) := Ufe^o *c fc (x) = U fc; >o 5C fc (X) — >■ ]j^ C fe (X). 

(v) Lei / : W — > Y" and g : X — > Z be smooth maps. Then (jSJ gives 

U n>0 C„(Y x Z) = [U^ C fe (Y)] x [U^ C,(^)] • (12) 
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These identify C(f x g) : ]\ m>0 C m (W x X) -»• U, i>0 C„(r x Z) witA 

c(/) xc(9): [Lb G (W)] x [u j>0 Q (x)} -> [u^ c fc (y)] x [u I>0 cr, (z)] . 

(vi) Le£ / : X — > Y and g : X ^ Z be smooth maps. Then (|12[) iden- 
^es C((/, 5 )) : Lb Q(X) -> U^ C„(F x Z) with (C(J),C(g)) : 

n^CiW^^o^W] x [IIj>oCj(^)]- 
(vii) Lei / : X — > Y be a b-submersive smooth map. Then C(f) maps Ci(X) — > 
]i j>0 Cj{Y) for all i^O. 

Curiously, there is a second way to define a map U^ CipQ — >■ JJ Cj(F) 
with the same properties. Define C(f) : IJi^o ^»P0 — > Uj>o ^iOO °y 

C(/) : (x, {A,..., ft}) —J- (y, {ft,..., ft}), where {ft,...,ft} = 

{/?: (x,(y,/3))e~ f _, ^_(x,(y,[3))=(xj l ), 1 < Z < z}u{{/3 : (x, (y, ft) GS^}. 

Then the analogues of Theorems 14.71 and 16 . 1 1 1 also hold for C(f), C(g), .... 

5 Submersions 

Definition I3.2f iv) defined submersions f : X — > Y between manifolds with 
corners X, Y. We show that submersions are locally isomorphic to projections. 

Proposition 5.1. Let X,Y be manifolds with corners, f : X — > Y a sub- 
mersion, and x G X with f{x) = y. Then there exist open neighbourhoods 
X',Y' of x,y in X,Y with f(X') = Y' , a manifold Z' with corners with 
dimX = dim!" + dimZ', and a diffeomorphism X' = Y' X Z', such that 
f\x> ■■ X' ->• F' is identified with n Y ' : Y' x Z' -> Y' . 

Proof. Let x £ X and y = f(x) G Y, with dimX = m, dimF = n and 
x G S k (X), y G S l (X). Choose charts (U,<p), (V,ip) on X,Y with U,V open 
in M£\RJ l and G U, G V with 0(0) = x, tp(0) =j/and/o <f>(U) C ip(V). 
Write (xi, . . . ,x m ), (yi, ■ ■ ■ ,y n ) for the coordinates on U, V respectively. Write 
ft for the local boundary component (p*{{xi = 0}) for i — 1, . . . , k, and ft for 
the local boundary component ?l>*({yj = 0}) for j = 1, . . . , I. 

Lemma [4.41 implies that (x, (y, ft)) G S_ with (y, ft)) = (a^ft) for 

each j = 1, . . . , i and some ij = 1, . . . , k, and i\, . . . , ii are distinct as £_ is 
injective. Thus / $J fc, and reordering acx> • ■ • i x k if necessary we suppose that 
ij = j. By Proposition ^. 15f d). (ip(V), yi 07ft 1 ) is a boundary defining function 
for F at (y, ft) for i = 1, . . . , I, so by Definition 13. II (/ _1 (^(V r )), yioft^/) is a 
boundary defining function for X at (x, ft) for i = 1, . . . , I. But {(j>(U), Xi o</> -1 ) 
is also a boundary defining function for X at (a;, ft), so by Proposition 12 . 15f b) , 
making U smaller if necessary we can suppose that 

Vi ° V^ 1 o f o 4> = xi ■ gi 
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on U, for some smooth gi : U — > (0, oo) and all i = 1, . . . , /. 

Combining this with the surjectivity conditions in Definition 13 . 2f iv) , we see 
that we may choose alternative coordinates (x±, . . . , x n ) on an open neighbour- 
hood U of in U taking values in K™ and zero at 0, such that 

(y t otfj- 1 ofocj), i = l,...,l, 

_ I 1 = / ~\~ l,..../uj 

Vi-k+i ° i 1 ^ 1 °/° 0, i = fe + l, ...,n-fc + i, 

some function of Xk+i, i = n — fc + Z + 1, ...,m. 

Choose small e > so that [0, e) k x (— e, c) m ~ k C [/ in coordinates . . . , 
Then defining X' - 4>({{ Xl , . . . ,x m ) G [0,e) fe x (-e,e) m - fe }), Y' = ^([0,e) z x 
(-e,e) n -') and Z' = [0, e) fe "' x (-e, e )™-k-n+l } the pr0 position follows. □ 

Submersions / : X Y are nicely compatible with the boundaries dX, dY . 

Proposition 5.2. Let f : X — > Y be a submersion, and dX = d+X II 

be as in Proposition 14.31 Then /+ = / °*x|g/y : — >• Y is a submersion. 
There is a natural submersion /_ : dLx — > <9Y im'tt / o ix\gf x = iy ° f—- 

Proof. Lemma [4.41 shows that £_ : 3_ = X x Y dY — > dX is injective. Since 
dix = {L(E f _), it follows that £ f _ : X x Y dY -> d^X is invertible. Define 
/_ : <9Y by /_ = 7r ay ° Then iy o /_ = iy o vrgy o ) _1 = 

/ o 7Tx o 1 = / ° ixla^x, since iy o Try = / o ttx : I Xy 51" — > 1" and 

7rx o (^Ly 1 = ix\d f _x ■ d f _X ->Xasixo({ = ttxIe^ by Proposition E^ b). 

It remains to check that the maps f± are submersions. Since being a sub- 
mersion is a local property, by Proposition 15.11 it is enough to show f± are 
submersions when / : X — > Y is a projection Try/ : Y' x Z' — >• Y - '. We have a 
natural isomorphism <9(Y' x Z') = (9Y' x Z') II (Y"' x <9Z'). It is easy to see 
that d{(Y' x Z') = Y'x <9Z', so that /+ becomes the projection Y' x <9Z' ->■ Y' 
which is a submersion, and that d_(Y' X Z') = dY' x Z', so that /_ becomes 
the projection 9Y' x Z' — >• 9Y' which is a submersion. □ 

Note that we can iterate this construction to decompose d k X, so that 
d 2 X = d{ + {d f + X) II d u (d f + X) II d{- (d f _X) II dt (d f _X), 
for instance, and / lifts to a submersion on every piece. 

6 Transversality and fibre products of manifolds 

Let X, Y, Z be manifolds with corners and / : X — > Z, g : Y — > Z be smooth 
maps. From category theory, a fibre product X x tz, g Y in the category Man c 
consists of a manifold with corners W and smooth maps ttx ■ W — > X, iry : 
W — > Y such that / o %x — 9 ° '•W—tZ, satisfying the universal property 
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that if W is a manifold with corners and tt' x : W — > X, ir Y : W — > Y are 
smooth maps with / o tx' x = g o Tt' Yy then there exists a unique smooth map 
h : W — > W with ir' x — tt x ° h and tt' y = ny ° h. We now give sufficient 
conditions for fibre products of manifolds with corners to exist. 

Definition 6.1. Let X, Y, Z be manifolds with corners and / : X — >■ Z, g : 

Y — > Z be smooth maps. We call /, g transverse if the following holds. Suppose 
x G X, y G Y and z G Z with f(x) = z — g(y), so that there are induced 
linear maps of tangent spaces df\ x '■ T X X — » T Z Z and dg\ y : T y Y —> T Z Z . Let 
x G S j (X), y G S k (Y) and z G S l (Z), so that as in Definition O d/| x maps 
T x {S j (X)) -> T z (S l (Z)) and d 5 |j, maps T a (S* fe (}")) -4 T x {S l {Z)). Then we 
require that T Z Z = d/| B (T x A-)+d fl | w (T„y) andT 2 (5 ; (Z)) = d/U(T :c (^(X))) + 
dsr| y (T y (5' ,c (F))) for all such x,y 7 z. From Definition 13.21 if one of f,g is a 
submersion then /, g are automatically transverse. 

Remark 6.2. If X, Y, Z are manifolds without boundary then j = k = I = 
in Definition 16. 1[ and both conditions reduce to the usual definition T Z Z = 
d/|a;(2xX) + d(7|y(TyF) of transverse smooth maps. When X, Y, Z are manifolds 
with corners we believe this definition of trans versality is new, since it depends 
heavily on our definition of smooth maps which is also new. 

Definition 16.11 imposes two transversality conditions on /, g at x, y, z, the 
first on the corners C (X) X,C (Y) Y,C (Z) = Z of X, Z of largest 
dimension at x,y,z 7 and the second on the corners Cj(X) = S^(X), CkiY) = 
^(X), C* ; (Z) = ^(Z) (locally) of X, Y, Z of smallest dimension at x, y, z. 

One might think that to prove Theorem 16.41 one would need to impose 
transversality conditions on corners C a (X),Cb(Y),C c (Y) of intermediate di- 
mensions 0^a^j,0^6^fc,0^c^Zas well. In fact these intermediate 
conditions are implied by our definition of smooth maps, since the requirement 
for /, g to pull boundary defining functions back to boundary defining functions 
is a kind of transversality condition at the boundaries. One of the motivations 
for our definition of smooth maps of manifolds with corners was to have a simple, 
not too restrictive condition for the existence of fibre products. 

Remark 6.3. Margalcf-Roig and Outerelo Dominguez [TTJ §7.2] also define 
transversality of smooth maps between manifolds with corners, and prove their 
own version of Theorem 16.41 below. They work with Banach manifolds and 
C p maps for p — 0,1,..., oo. For finite-dimensional manifolds, their notion 
of smooth map ('map of class oo') corresponds to our weakly smooth maps. 
However, their notion of transversality Dei. 7.2.1] is very restrictive. 

In our notation, if / : X — >■ Z and g : Y — >• Z are weakly smooth maps, then 
/, g are transverse in the sense of jTTJ Def. 7.2.1] if and only if whenever x G X 
and y G Y with f{x) = g(y) = z€ Z then z G Z°, and x G S^>(X), y G S k (Y) 
with T Z Z = df\ x (T x (SHX)))+dg\ y (T y (S k (Y))). In particular, f(X) and g(Y) 
cannot intersect in the boundary strata S l (Z) for / > but only in the interior 
Z°, so in effect Margalef-Roig and Outerelo Dominguez reduce to the case in 
which dZ — 0, and then their [11] Prop. 7.2.7] is a special case of Theorem 16.41 
So, for example, f,g are generally not transverse in the sense of [11] Def. 7.2.1] 
if one of /, g is a submersion, or even if / = idx '■ X — > X = Z . 
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For manifolds without boundary the following theorem is well-known, as in 
Lang [8l Prop. II. 4]. For manifolds with corners Margalef-Roig and Outerelo 
Dominguez [111 Prop. 7.2.7] prove it with a stricter notion of transversality, as 
above. We believe this version is new. The proof is given in fJSJ 

Theorem 6.4. Suppose X, Y, Z are manifolds with corners and f : X — >■ Z, 

g : Y — > Z are transverse smooth maps. Then there exists a fibre product 
W = X x f^y.g Z in the category Man c of manifolds with corners, which is 
given by an explicit construction, as follows. 

As a topological space W = {(x, y) 6 X x Y : f(x) — g(y)}, with the topology 
induced by the inclusion W C. X xY, and the projections ttx ■ W — ► X and ny '■ 
W — > Y map it x ■ (x, y) i— > x, ny : (x,y) <— >■ y. Let n = dim X + dim Y — dim Z , 
so that n if W ^ 0. The maximal atlas on W is the set of all charts (U, </>), 
where U C is open and <f> : U — > W is a homeomorphism with a nonempty 
open set <fi(U) in W, such that ttx ° <f> '■ U ^ X and ixy o (f> : U — > Y are smooth 
maps, and for all u £ U with cj>(u) = (x, y), the following induced linear map of 
real vector spaces is injective: 

d(TT X o(f>)\ u ® d(n Y o <£)|„ : T U U = R" — > T X X © T y Y. (13) 



We note one important special case of Theorem 16.41 the intersection of sub- 
manifolds. Suppose X, Y are embedded submanifolds of Z, with inclusions 
i : X Z and j : Y '—t Z. Then we say that X, Y intersect transversely if the 
smooth embeddings i,j are transverse. Then the fibre product W = X x z Y 
is just the intersection X fl Y in Z, and Theorem 16.41 shows that it is also an 
embedded submanifold of Z. If /, g are not transverse, then a fibre product 
X x f,Y,g Z may or may not exist in the category Man c . Even if one exists, 
from the point of view of derived differential geometry \T6_ , it is in some sense 
the 'wrong answer'. Here are some examples. 

Example 6.5. (a) The inclusion i : {0} — » R is not transverse to itself. A 
fibre product {0} x iiR i {0} does exist in Man c in this case, the point {0}. Note 
however that it does not have the expected dimension: {0} Xk{0} has dimension 
0, but Theorem 16.41 predicts the dimension dim{0} + dim{0} — dimR = — 1. 

(b) Consider the smooth maps / : R — > R 2 and g : R — > R 2 given by 



f(x) = (x,0) and g(x,y) 




sin(7r/a;)), x ^ 0, 
x = Q. 



These are not transverse at /(0) = g(0) — (0,0). The fibre product does not 
exist in Man c . To see this, note that the topological fibre product R x „ R 
is {(1/n, 0) : / n 6 Z} U {(0, 0)}, which has no manifold structure. 

In the general case of Theorem 16.41 the description of dW in terms of 
dX, dY, dZ is rather complicated, as can be seen from the proof in fJ5] Here are 
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three cases in which the expression simplifies. The proofs follow from the proof 
of Theorem l6.4l in SjSj or alternatively from equation (l2Tj) below with i = 1, since 
dW = C\(W) and /, g are strongly transverse in each case. 

Proposition 6.6. Let X,Y be manifolds with corners, and f : X — » Y a 
submersion. Then there is a canonical diffeomorphism 

dtx S X x f)Y>iY dY, (14) 

which identifies the submersions and 7rgy : X Xy dY — > <9F. 

Proposition 6.7. Lei X, V 6e manifolds with corners, Z a manifold without 
boundary, and f : X — > Z, g : Y — > Z be transverse smooth maps. Then 
f o i x : <9X — > Z, g : Y —> Z are transverse, and f : X — > Z, g o jy- : <9y — > Z 
are transverse, and there is a canonical diffeomorphism 

d(X x ftZ>g Y) * (dX x foix<z<g Y) II (X x f ^ goiy dY). (15) 



Proposition 6.8. Let X,Y,Z be manifolds with corners, f : X — > Z a submer- 
sion and g : Y — » Z smooth. Then there is a canonical diffeomorphism 

d(X x f , z , g Y) £* (d f + X x f+ , z , g Y) n (X x f , z , goiY dY). (16) 

If both f, g are submersions there is also a canonical diffeomorphism 

d(Xx f . Ztg Y) = 

(17) 

(d f + X x f+ , z , g Y) II (A x f , z , g+ d%Y) II (dtx x f _, dz , g _ d 9 _ V). 

Equation ()16|) a/so /io/ds if /, 3 are transverse and f is b-submersive, and (JTTJ) 
a/so ZioZds if f, g are transverse and both are b-submersive. 

We will also discuss a stronger notion of transversality. To introduce it we 
prove the following lemma. 

Lemma 6.9. Let X,Y,Z be manifolds with corners, f : X — > Z and g : 
Y — > Z be transverse smooth maps, and C(f),C(g) be as in (jlip . Suppose 
(x, {ft,..., ft}) e Cj{X) and (y, {ft, . . . ,ft}) € C fe (Y) riA C(f)(x, {ft, . . . , 
ft}) - C(ff)(y, {ft,..., A}) = (z, {ft,..., A}) *n Tften j + fe ^ Z. 

Proof. Since C(f )(x, {ft, . . . , ft}) = (z, {ft, . . . , ft}) it follows that df\ x maps 
the vector subspace X^ft R • • • H T x ft in T X X to the vector subspace T z ft n 
• • • fl T z ft in T Z Z, as the restriction of df\ x to Ixft PI • • • H X^ft is naturally 
identified with dC^/))^.^,, .,«.}). Similarly, dg\ y maps X^ft fl ••• n Xj,ft in 
X y F to X z ft n • • • n T 2 ft in X 2 Z. Since f,g arc transverse, we have T Z Z = 
df\ x (T x X) + dg\ v {T y Y). _ Passing to the quotients T X X/{T X [3 X n • • • n X^ft), 
. . . , T Z Z/ (T z (3i n • ■ ■ fl X z ft) and using the facts above shows that 

(d/U^T.i/fT^ n • • • n T,ft)) + (dsl^^y/^ft n • • ■ n T„ft)) 

(18) 

= X 2 Z/(X z ft n---nX z ft). 
As the vector spaces in (fT5)) have dimensions j,k,l, it follows that j + k ^ I. □ 
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Definition 6.10. Let X, Y, Z be manifolds with corners and / : X — >■ Z, g : 

Y — > Z be smooth maps. We call /, g strongly transverse if they are transverse, 
and whenever there are points in Cj(X), Ck(Y), Ci{Z) with 

C(f)(x, {/?!,..., 13,}) = C(g)(y, . . . , p k }) = (z, {Pi, • ■ • , Pi}) (19) 

we have either j + k>lovj = k = l = 0. That is, in Lemma 16.91 equality in 
j + k I is allowed only if j = k = I = 0. 

Suppose /, g are smooth with / a submersion. Then /, g are automatically 
transverse, as in Definition 16. 11 and in (fT9|) . Theorem H77]V) implies that j ^ /. 
Hence if fc > then j + k>l. If jfe = then Z = as C(gr) maps C (Y) -> C (Z), 
so either j+fe>Zorj = fe = Z = 0. So f,g are strongly transverse. Also /, g 
are strongly transverse if /, g are smooth with g a submersion, or if /, g are 
transverse and dZ — 0. 

In the situation of Theorem 16.41 we have a Cartesian square 

W »- Y which induces Ui>o Ci (W) — IJ^o C fe (Y) 

|irx sj a commutative {c(ttx) c(s){ (20) 

^ square Il^o^iW *- Ui^a C l( Z ) ■ 

Since as in Theorem I4.7I the transformation X H > II i>0 / i-> C(/) has 

very good functorial properties, it is natural to wonder whether the right hand 
square in (|20p is also Cartesian. The answer is yes if and only if /, g are strongly 
transverse. The following theorem will be proved in ^\ 

Theorem 6.11. Let X,Y,Z be manifolds with corners, and f : X — > Z, g : 

Y — > Z be strongly transverse smooth maps, and write W for the fibre product 
X x f.z,g Y in Theorem 16.41 Then there is a canonical diffeomorphism 



Ci(W0= II (CAx)nc(fr 1 (c l (z)))x c(fhCl{zhc{g) 
l^ti (c fe (F)nC( 5 )- 1 (c i (^))) 



(21) 



for all i ^ 0, where the fibre products are all transverse and so exist. Hence 

Ui >0 Ci(W) - Uj >0 Ci(X) Xc(/),ii I>0 c I (z),c( B ) U k>0 Ck(Y). (22) 

Here the right hand commutative square in (|20[) induces a map from the left 
hand side of (|22[) to i/ie right hand side, which gives the identification (|22[) . 



Suppose f : X —¥ Z and 5 : Y — > Z are transverse, but not strongly 
transverse. Then by Definition 16.101 there exist points in CAX), Cfe(Y), Ci(Z) 
satisfying (fT9"|) with j + k = I but j, fc, I not all zero. These give a point in the 
right hand side of (|2"Tj) with j = which does not lie in the image of Cq(W) 
under the natural map, since Cq(W) maps to Cq(X), Cq(Y) and so cannot map 
to Cj(X),Ck{Y) as j, k are not both zero. Thus (l2~T1) and ([22]) are false if /, g 
are transverse but not strongly transverse. 

Here is an example of /, g which are transverse but not strongly transverse. 



20 



Example 6.12. Define smooth maps / : [0, oo) — > [0,oo) 2 by f(x) — (x, 2x) 
and g : [0, oo) -> [0,oo) 2 by g{y) = (2y,y). Then /(0) = g(0) = (0,0). We have 

d/|o(To[0, oo)) + d 5 | (T [0, oo)) = ((1, 2)) R + ((2, 1)} R = R 2 = T (0 , 0) [0, oo) 2 , 
d/|o (To (S°([0, oo))) ) + dg | (T (S°([0, oo))) ) = {0} = T (0 ,o) (S°([0, oo) 2 )) , 

so /, g are transverse. However we have 

C(/)(0, {{x = 0}}) = C( 5 )(0, {{y = 0}}) = ((0,0), {{* = 0}, {y = 0}}), 

with j = k = 1 and Z = 2, so /, g are not strongly transverse. The fibre product 
W = [0, oo)^[ , oo) 2 , s [0, oo) is a single point {0}. In (|2"Tj) when i = the l.h.s. 
is one point, and the r.h.s. is two points, one from j = k = I = and one from 
j = k = l, 1 = 2, so (|2"T|) does not hold. For i^0, both sides of (|2Tj) arc empty. 

The distinction between transversality and strong transversality will be im- 
portant in [B]. There we will define a 2-category dMan c of d-manifolds with 
corners, a 'derived' generalization of manifolds with corners, which contains the 

1- category Man c of manifolds with corners as a full discrete 2-subcategory. If 
X, y, Z are manifolds with corners and / : X Z, g ; Y Z are smooth then a 

2- category fibre product (X x^y)dMan° exists in dMan c . If f,g are transverse 
then a 1-category fibre product (X Xz ^)Man° also exists in Man c C dMan c 
by Theorem 16.41 However, (X Xz F)dMan c and (X Xz y)]yian c coincide if and 
only if /, g are strongly transverse. 

7 Orientations and orientation conventions 

Orientations are discussed in §1.1] and [5J §VTIL3]. 

Definition 7.1. Let X be an n-manifold and E — ► X a vector bundle of rank 
k. The frame bundle F(E) is 

F(E) = {(x, ex, . . . , efe) : x € X, (ex, . . . , eu) is a basis for E\ x = R k }. 

It is a manifold of dimension n + k 2 . Define an action of GL(fc,R) on F(E) 

by {Aij)t j=1 : (x,ex, . . . ,e k ) ^ (x, J2 k j=x A ij e j> ■ ■ ■ > ; A kjej) ■ This action is 
smooth and free, and makes F(E) into a principal GL(fc, M)-bundle over X, 
with projection 7r : F{E) —¥ X given by 7T : (x, ex, ■ ■ ■ , e&) H> x. 

Write GL + (fc,M) for the subgroup of A G GL(fc, R) with detA > 0. It 
is a normal subgroup of GL(fc,R) of index 2, and we identify the quotient 
subgroup GL(fc,R)/GL+(fc,R) with {±1} by A GL + (fc, R) h> dctA/\detA\. 
The orientation bundle Or(E) of E is F(E)/ GL + (fc,R). It is a principal 
GL(fc,R)/GL+(fc,R) = {±l}-bundlc over X. Points of the fibre of Ot(E) over 
x e X are equivalence classes of bases (ei, . . . ,eu) for iS^, where two bases are 
equivalent if they are related by a k x k matrix with positive determinant. 

An orientation oe for the fibres of E is a continuous section oe ■ X — > Or(E) 
of Or(£'). The pair (E, oe) is called an oriented vector bundle on X . If E — > X , 
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F — > X are vector bundles on X of ranks k, I and oe,of are orientations on 
the fibres of E, F, we define the direct sum orientation oe®f = oe ® of on the 
fibres of E © F by saying that if x G X, (ex, . . . , e^) is an oriented basis for 
E\ x and (fx, ...,/;) is an oriented basis for F\ x , then (ex, . . . , e k , fi, ■ ■ ■ , fi) is 
an oriented basis for (E © F)\ x . 

An orientation ox for X is an orientation for the fibres of the tangent 
bundle TX X. An oriented manifold (X,ox) is a manifold X with an 
orientation ox- Usually we leave ox implicit, and call X an oriented manifold. 
If ox is an orientation on X then the opposite orientation on X is —ox, where 
o x : X -> Or(TA) is a section, -1 : Or(TX) -> Or(TA) comes from the 
principal {±l}-action on Or(TA), and — ox = —loox is the composition. When 
X is an oriented manifold, we write —X for X with the opposite orientation. 

We shall consider issues to do with orientations on manifolds with corners, 
and orientations on fibre products of manifolds. To do this, we need orientation 
conventions to say how to orient boundaries dX and fibre products X Xz Y 
of oriented manifolds X, Y, Z. Our conventions generalize those of Fukaya, Oh, 
Ohta and Ono 3, Conv. 45.1], who restrict to f,g submersions. 

Convention 7.2. (a) Let (X, ox) be an oriented manifold with corners. Define 
Odx to be the unique orientation on dX such that 

i* x (TX)=R out ®T(dX) (23) 

is an isomorphism of oriented vector bundles over dX, where i* x (TX),T(dX) 
are oriented by ox,oqx, and R out is oriented by an outward-pointing normal 
vector to dX in X, and the r.h.s. of (|23p has the direct sum orientation. 

(b) Let (X,ox),(Y,oy),(Z,oz) be oriented manifolds with corners, and / : 
X — > Z, g : Y — > Z be transverse smooth maps, so that a fibre product 
W = X x zY exists in Man c by Theorem l6.4l Then we have an exact sequence 
of vector bundles over W 

^ TW ±^Z^ X (TX) © ^TY f xidS) -^ \f o nxY(TZ) - 0. (24) 



Choosing a splitting of (|24|) induces an isomorphism of vector bundles 

TW® (foTT X )*(TZ) S ir* x (TX)®ir^(TY). (25) 

Define ow to be the unique orientation on W such that the direct sum orienta- 
tions in induced by o w ,o z ,o x ,o y differ by a factor (_i)dimYdimZ 

Here are two was to rewrite this convention in special cases. Firstly, suppose 
/ is a submersion. Then df : TX — > f*(TZ) is surjective, so by splitting the 

exact sequence — > Kerd/ — > TX — > f*(TZ) — > we obtain an isomorphism 

TX = Kcr df ffi /* (TZ) . (26) 



Give the vector bundle Ker df — > X the unique orientation such that (1261) is an 
isomorphism of oriented vector bundles, where TX, f*(TZ) are oriented using 
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ox,oz- As / : X — > Z is a submersion so is 7ry : — > F, and d7Tx induces an 
isomorphism Ker(d7Ty) —» 7r^-(Kerd/). Thus we have an exact sequence 

_^ n * x (Ker d/) TW ^ (TF) — 0. 

Splitting this gives an isomorphism 

1W tt^ (Ker d/) © 7Ty (TV) . (27) 

The orientation on makes (|27p into an isomorphism of oriented vector bun- 
dles, using oy and the orientation on Ker df to orient the right hand side. 
Secondly, let g be a submersion. Then as for ([26]) ([27]) we have isomorphisms 

TY = g*(TZ) © Ker do and 7W = tt^ (TX) © Tr^(Kerda). (28) 

We use the first equation of ([28)) to define an orientation on the fibres of Ker dg, 
and the second to define an orientation on W. 

If X is an oriented manifold with corners then by induction Convention l7.2f a) 
gives orientations on d k X for all k = 0, 1,2, . . .. Now Definition 12.101 defined a 
smooth, free action of Sk on d k X for each k. By considering local models R" 
it is easy to see that the action of each a G S k multiplies the orientation on 
d k X by sign(cr) = ±1. Since C k {X) = d k X/S k by Q and S k does not preserve 
orientations for k 2, we see that Cfe(X) does not /icsue a natural orientation 
for k 5= 2. We show by example that Cfe(X) need not even be orientable. 

Example 7.3. Let X be the 4-manifold with corners (<S 2 x [0, oo) 2 ) /Z 2 , where 
<S 2 x [0,oo) 2 = {(xa^a,^,^!,^) : 6 K, 1? + x 2 . + x 2 . = ^ Z/i, J/2 ^ 0}, 

and Z 2 = (a) acts freely on X by 

a : (x 2 ,X2,x 3 ,y 1 ,y 2 ) i-> (-a?i, -x 2 , -x 3 , t/ 2 , J/i)- 

There is an orientation on S 2 x [0,oo) 2 which is invariant under Z 2 , and so 
descends to X. We have diffeomorphisms 

dX = G\(X)=S 2 x[0,oo), d 2 X = S 2 , C 2 (X)=RP 2 , 

and d k X — C k (X) — 9brk>2. Thus X is oriented, but C 2 (X) is not orientable. 

Given any canonical diffeomorphism between expressions involving bound- 
aries and fibre products of oriented manifolds with corners, we can use Conven- 
tion 17.21 to define orientations on each side. These will be related by some sign 
±1, which we can try to compute. Here is how to add signs to (fT¥|) — (fTT)) . 
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Proposition 7.4. In Propositions 16.61 16.71 and 16.81 suppose X, Y, Z are ori- 
ented. Then in oriented manifolds, equations (|14[) - (117[) respectively become 

diX = (_l)dimX+dimY x Xf y ^ gy, (29) 

d(x x />z , g r) = (ax x /0lx , z , 3 y) n ( _i)dimx+di m z (x X/ ^ o . y (30) 
d(x x f>z , g r) = x /+ , z , 3 r) n (-i^m™^ X/z ^ (31) 

5(X X/l z )fl Y) = (8{X x f+ , z>g Y) U ( _i)dimx + d im z (x X/Z)9+ 
II {dLx r , BZ , g d 9 _Y). 



Here are some more identities involving only fibre products: 

Proposition 7.5. (a) If f : X — s> Z, g : Y — > Z are transverse smooth maps 
of oriented manifolds with corners then in oriented manifolds we have 

X Xf :Z ,g Y = (_l)(dimX-dimZ)(dimY-dimZ) r ^ ^ x (33) 

(b) If d : V — > Y, e : W — > Y, f : W -» Z, g : X — > Z are smooth maps of 
oriented manifolds with corners then in oriented manifolds we have 

V X d .y, e07IW (W X f, Z ,g X) = (V X d y. e W) X foTT W ,Z,g X, (34) 

provided all four fibre products are transverse. 

(c) If d : V — > Y, e : V -4 Z, f : W — > Y, g : X ->• Z are smooth maps of 
oriented manifolds with corners then in oriented manifolds we have 

VX(d,e),YxZ,fxg{WxX)* 

(^dimZfdimY+dimHO^ X d>YJ W) X eOTrv ^ g X, 

provided all three fibre products are transverse. 

Remark 7.6. (i) Equations (I3T))) . (15~4"f and (j3"5")) can be found in Fukaya et 
al. [3J Lem. 45.3] for the case of Kuranishi spaces. 

(ii) The proofs of Propositions [7741 and 17751 are elementary calculations starting 
from Convention 1 7. 2 1 Here is a way to make these calculations easier. For sim- 
plicity, assume all the smooth maps involved are submersions. By Proposition 
15.11 submersions are locally projections. Since identities like (f2U |) - (j3"5"|) are local, 
it is enough to prove the identities for projections. 

Let M,N,Z be oriented manifolds with corners, of dimensions m,n,z. Set 
X = M x Z and Y = Z x N, with the product orientations, and define / : 
X — > Z, g : Y — > Z by / = nz = g. Convention I7.2f b) is arranged so that 
W = M x Z X N holds in oriented manifolds. Exchanging the order in a product 
of oriented manifolds yields X x Y = (-i) dim * dimYy x x Thns to compute 
the sign in (l33l) . for instance, note that 

X x f , z ,g Y = (M x Z) x z (Z x N)=M x Z x N, 

Y x g .zj X = [Z x N) x z (M x Z) = (-l)(" i+ ") z (iV x Z) x z (Z x M) 

(_ 1 )(m+n)z J y x Zx M = (-l)(»+") i! (-l)™+ m ^M X ZxN, 
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and then substitute in to = dim X — dim Z , n = dim Y — dim Z. 

(iii) Ramshaw and Basch [15) prove that there is a unique orientation con- 
vention for transverse fibre products of manifolds without boundary satisfying 
the three conditions: (A) if X, Y are oriented then X x { } Y = X x Y in ori- 
ented manifolds, where X x Y has the product orientation from T(X xY) = 
ir* x (TX) © 7Ty(TF); (B) if / : X — > Y is a smooth map of oriented manifolds 
then X = Y x idi , Y f X in oriented manifolds; and (C) equation holds. 
Convention 17. 2( b) satisfies (A)-(C), and so agrees with that of |15j . 

8 Proof of Theorem 16.41 

Theorem 16.41 follows from the next two propositions. In the proof we assume 
Theorem 16.41 for manifolds without boundary, since this is well known, as in 
Lang [8j Prop. II. 4] for instance. The difference between transverse and strongly 
transverse f,g in ij6] appears in part (C) in the proof below: transverse /, g are 
strongly transverse if and only if there are no ^-equivalence classes E of type (b) . 

Proposition 8.1. Let X,Y,Z be manifolds with corners, and f : X — > Z, 
g : Y — > Z be transverse smooth maps. Then the construction of Theorem 16.41 
defines a manifold with corners W, with dim W = dim X + dim Y — dim Z if 
W 0, and the maps nx ■ W — > X, iry ■ W —> Y are smooth. 

Proof. If W = the proposition is trivial, so suppose W ^ 0. Then n = 
dim X + dim Y — dim Z ^ 0, since /, g are transverse. Let (x, y) G W, so that 
x G X and y G Y with f(x) = g{y) = z in Z. We will first construct a chart 
{U,(f>) on W satisfying the conditions of Theorem 16. 4[ with U open in IR^ and 
e U with 0(0) = (x,y). 

Choose charts (R, 6), (S, tp), (T, f) on X, Y, Z respectively with 6 R,S,T 
and 6»(0) = x, ip{0) = y, £(0) = z, where R,S,T are open in M*, R l b , M™ with 
k = dim A, I = dimY", m — dimZ. Making R, S smaller if necessary suppose 
foe(R),go-4,(S) C f (T). Then / = ^ofoO : i? -> T and g = ^opo^ : 5 -> T 
are smooth maps between subsets of K fe , R , M m in the sense of Definition 12.11 
So by definition we can choose open subsets R C 5 C M 1 , f C M m with 
R = Rf) E*, 5 = 5* n Mj, T = f D R™ and smooth maps f : R ^ f, g : S -> f 
with /Ijj = /, g| s = ,g. 

Now /, g are transverse, so /, g are transverse on i?, S", and as this is an open 
condition, by making R, S smaller if necessary we can make f,g transverse. 
Since / : R — > T, g : S — > T are transverse smooth maps of manifolds without 
boundary, by [8j Prop. II. 4] the fibre product V — Rx^f-S exists as an n- 

manifold without boundary, and it is also easy to show that charts on V are 
characterized by the injectivity of (IT3l) . Define V = {(r, s) G V : r € R, s G S}. 
We will show that near (0, 0) G V, the embedding of V in F is modelled on the 
inclusion of MJJ in R n , so that V is a manifold with corners. 

The local boundary components of R C at are {r^ = 0} for i — 1, . . . , a, 
where (ri,... , r-fc) are the coordinates on R and i?. Write j3i — 9*({ri = 0}) 
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for the corresponding local boundary component of X at x. Then ft, . ..,ft, 
are the local boundary components of X at x. Similarly, write (s±, . . . , si) for 
coordinates on S, S and ft, ... ,ft for the local boundary components of F at y, 
where ft = ^>*({si =0}), and (ii, . . . ,t m ) for coordinates on T, T and ft, . . . ,ft 
for the local boundary components of Z at z, where ft — = 0}). 

Define subsets P-f,P* C {1, . . . , c} by P* = {i : (x, (z,ft)) G E f _} and 
P 9 = {i : (y,(z,0i)) G S 9 }. Define maps : P f -> {I,..., a} and LI 9 : 
P 9 -> {1,...,6} by n'(i) = j if £ (a, (*,&)) = {x,fa) and IF(i) = j if 
^ (y, (-2, ft)) = (y, ft)- We can express the maps C(f),C(g) of (TTTj) over x, y, z 
as follows: if A C {1, . . . , a} and B C {1, . . . , 6} then 

C(/) : (a, {ft: !6 A}) —> (z, {ft : j G P', n'tf) G A}), 

(36) 

C(<?) : (y, {ft :l £ £?}) .— > (z, {ft : j G P 9 , IP(j) £ £?}). 

Lemma 1531 on C(f), C(g) over x, y, z, which uses /, g transverse, then turns 
out to be equivalent to the following conditions on P' , P 9 , LT^ , IP : 

(A) Ttf(pf n p g ) n nf(pf \ P 9 ) = and if (p-f n p 9 ) n n 9 (P 9 \ p-f) = 0. 

(B) Uf\ P t\p a :Pf\P9^{l, . . . ,a}, U 9 \ P3 \ pf :P 9 \pf ^{1, ...,&} are injective. 

(C) Let ~ be the equivalence relation on pf HP 9 generated by i w j if IF (i) = 
IF (j) or II^(i) = EF (j). Then for each pa-equivalence class E C P-f n P 9 
we have either 

(a) |IP*(P)| + |II 9 (P)| = \E\ + 1, or 

(b) \Il f (E)\ + \W(E)\ = \E\. 

Here it is automatic that \U f (E)\ + |II 9 (P) < \E\ + 1, and Lemma [6791 
implies that |n* (E)\ + II 9 (P) ^ |P|. The number of equivalence classes 
of type (a) is |IF"(P^ n P 9 )\ + \H 9 (P f n P 9 )\ - \P f n P 9 |. 

Also, if i G {l,...,c} \ (P^ U P 9 ) then (x, 0,ft)) G and (y, (z, ft)) G 
E 9 + . These imply that df\ x (T x X),dg\ y (T y Y) C T z ft, so that d/U(T ;c A) + 
d(7| y (T y F) C T 2 ft C T 2 Z, contradicting /, 5 transverse. This proves: 

(D) Pf UP 9 = {l,...,c}. 

Now V is cut out in V by ^ 0, i $J a, and Sj 0, i ^ fe, that is 

V = {(( r i, ■ ■ -, r k), (si, ■ ■ -,si)) G V :n ^ 0, i = 1, . ..,a, and 

Si ^ 0, i = 1, . . . , &}. 

We claim that making R, S, R, S smaller if necessary, the following hold: 

(i) If i G P^ \ P 9 then the inequality rn/(j) ^ does not change V, and can 
be omitted in ([57)1 . 

(ii) If i G P 9 \ pf then the inequality sns(i) ^ does not change V, and can 
be omitted in (f3"Tj) . 
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(iii) If i,j £ P^tlP 9 with i w j, then the four inequalities r"n/(i) ^ 0, rn/(j) ^ 0, 
•Sns(i) 0, sns(j) have the same effect in V. Thus for each w- 
equivalence class E in P* DP 9 , it is sufficient to impose only one of the 
2\E\ inequalities rri-ffi) ^ 0j s ns(i) ^ in (|37l) for i £ £7 to define V. 

(iv) If E is an w-equivalence class of type (b) in (C) above, then rn/(i) = 
s ng (j) = in V for all i £ E. Thus we can omit the inequalities r U f^ 0, 
Sna(i) ^ in ([571) for i e _E to dehne V. 

Here we mean that all of the inequalities Vi 0, Sj ^ which (i)-(iv) allow us 
to omit may all be omitted simultaneously without changing V. 

To prove (i), note that as (£(T),ti o is a boundary defining function 
for Z at (z,Pi), and (6(R), rn/(<) ° # _ ) is a boundary defining function for 
X at (x, /?n/(i)), and (z, = (^lAwi)); Definition 13.11 and Proposition 

12.15( b) imply that t; o^ -1 o/ = (rn/(i) ofl _1 )-G on ^(T) near a; for some smooth 
G : 9{T) — > (0,oo). Hence tj o / = r n /(i) ■ G on R near for some smooth 
G : R — )• (0, oo) defined near 0. Therefore making i?, i? smaller if necessary, 
r n/(i) ^ is equivalent to ti o / o tt^ ^ on V. But fjo/of^ijojo 7T£, and 
ti^O on T, so o <?^0 on S as g maps 5— >T. 

Hence the inequality rn*(i) ^ is unnecessary in (|3"T|) provided we restrict 
to >S in S, that is, provided we impose all the conditions Sj 0. In fact we need 
more than this: we must also be able to omit conditions sris^) ^ when this is 
allowed by (ii)-(iv). This is possible because the Sus(j) ^ omitted in (ii)-(iv) 
correspond to different conditions tj ^ in T than the condition ^ ^ we are 
considering, since (i) deals with i £ P? \ P 9 , (ii) with j £ P 9 \ P* , and (iii)-(iv) 
with j £ pf n P 9 , which are disjoint sets. This proves (i), and also that we can 
omit r n /(j) ^ in (i) independently of other omissions in (i)-(iv). The proof 
for (ii) is the same. 

For (iii), if i £ P f n P 9 then by Definition O and Proposition [2~T5T b) as 
above we see that making R, R, S, S smaller if necessary, r^f u\ ^ is equivalent 
to ti o / o 7r^ on V, which is also equivalent to Sn 9 (i) on V. Suppose 
i,j £ P f n P 9 with U.f(i) = Il f (j). Then the conditions r n / (j) > 0, r n f(j) > 
are the same, and are equivalent to sn 9 (i) ^ and sjj a (j) 0. Similarly, if 
H 9 (i) — n 9 (j) then the conditions Fn'fi) ^ 0, ?"n / (j) ^ 0, sn 9 (j) ^ and 
su a (j) 3* are all equivalent. Since these two cases generate ~, part (iii) follows. 

For (iv), let E be an ^-equivalence class of type (b). Define submanifolds 
Re, S e ,T e in R, S, T by 

R E = {(n, ...,r k ) G R : r n f {l) = 0, i £ E}, 
Se = {(si, . . . , si) £ S : srp(i) =0, i G -E}, 
f B = {(*!,... ,t m ) GT:i i = 0, i£E). 

Making R, S, R, S smaller if necessary, / maps Re — ► 2b and <? maps 5b — > Te- 
As /,<7 are transverse, an argument similar to Lemma WT§\ shows that / : Re — > 
Te and g : Se Te are transverse, so the fibre product Re Xf E Se exists as 
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a manifold, and is a submanifold of V = R Xf S. Now 

<timR B Xf E s E ^(k-\u f (E)\)+(i-\u 9 (E)\)-(m-\E\) = fc+;-m=di m y, 

since E is of type (b). Thus Re Xf E Se is open in V, as they are of the 
same dimension, and contains (0, 0). So making R, S, R, S smaller if necessary, 
we have Re Xf E Se — V, proving (iv). There are no further issues about 
simultaneous omissions in (i)-(iv). 

Choose a subset Q C pi n P 9 such that Q contains exactly one element of 
each ^-equivalence class of type (a) in PfpiP 9 , and no elements of ss-cquivalence 
classes of type (b) . Then (|37l) and (i)-(iv) above imply that 

V={((r 1 ,...,r k ),(s 1 ,...,si)) £V:n>0, i e {1, . . . , a} \ n'(p'), /oo ^ 
s 4 ^0, ie{l,...,6}\lF(P 9 ), r n / (4) >0, ieQ). 

For the first condition ^ 0, i £ {1, . . . , a} \ Hf(pf) in ([55]). there are 

a-|n / (p / )| = a-|n / (P / nP s )|-|n / (P / \P 9 )| = a-|n / (P / nP s )|-|p / \P a | 

inequalities, using (A) above in the first step and (B) in the second. Similarly, 
for the second condition s< > 0, i € {1, . . . , b} \ U 9 (P 9 ) there are b - \U 9 (P f n 
P 9 )\ - \PB \ pf \ inequalities. For the third there are \Q\ = \W(pt n P 9 )\ + 
\U 9 (P f (~l P 9 )\ - \P f n P 9 | inequalities by (C) above. Hence in total there are 

(a- \U f (P f nP 9 )\ - \P f \P 9 \) + (b- \U 9 (P f nP 9 )\ - \P 9 \P f \) 

+ (\n f (p f nP 9 )\ + \n f (p f n p 9 )\ - \p f nP 9 \) (39) 

= a + b-\P f \P 9 \-\P 9 \P f \-\P f DP 9 \=a + b-\P f UP 9 \=a + b-c 

inequalities rj 0, Sj ^ appearing in (|3"B"1) . using (D) at the last step. 
Define a vector subspace L of Tr Q mV by 

L = { ((n, . . . , r fc ), 0l, ■ • ■ , sO) G T (0>0) y : r-i = 0, i < a, 8j =0,j^b}. (40) 



That is, we replace each inequality n > 0, Si > in (|37j) by = 0, Sj = 0. By 
the proof of the equivalence of (|37|) and (l38l) using (i)-(iv), we see that 

L = {((n, . . . ,r fe ), (si, . . .,sj)) S T {0fi) V : r nf(l) = 0, i e Q, 

r,=0, »€{l,...,a}\D/(P')> Si = 0, i€{l,...,6}\n"(P»)}, 

replacing inequalities r, ^ 0, s, ^ in (1551 by r, = 0, Sj = 0. 

NowT z (5 c (Z)) =d/U(T x (5 a (X)))+d. g | y (T y (5 b (F))) by Definition O As 
there is a natural isomorphism 

L={u®veT x (S a (X))®T y (S b (Y)):df\ x (u) = dg\ v (v)}, 

we see that 

dimi = dimS* a (x) + dimS 6 (Y) -dimS* c (Z) 

V (42) 
= (p — a) + (g — b) — (r — c) = dim V — (a + b — c). 
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Since by ([551 there are a + b — c equalities = 0, Si = in (|4"Tj) . equation 
(|42|) implies that the conditions r*j = 0, = in (|4"Tj) are transverse, so the 
inequalities j-j ^ 0, s, ^ in ([55)1 are transverse at (0,0) in V'. That is, the 
corresponding 1-forms drj|(o,o)j ds,|(o,o) are linearly independent at TT 0Q ~.V. 
This is an open condition in V . Since V is a manifold without boundary of 
dimension n, it follows that V is near (0, 0) a manifold with corners of dimension 
n, locally modelled on R" +b _ c . Making R, S smaller if necessary, V becomes an 
n-manifold with corners. 

Let (U, </>') be a chart on V, with U open in R^+b-c an d € U with 4>'(0) = 
(0,0). Define </> : U -> = X x z Y by </> = (0 x V) ° 4>' ■ Then ^ is a 
homeomorphism with an open set in W, since <f/ : U — > V is a homeomorphism 
with an open set in V and ^xi/i:7^1fisa homeomorphism with an open 
set in W. Also (f)(0) = (x,y) as <£'(0) = (0,0) and 6»(0) = x, ^(0) = y. Thus 
(U,<j>) is a chart on the topological space W whose image contains (x,y). 

Now (U, 4>') extends to a chart (U, <j>') on V . But V comes from Theorem 
16.41 for manifolds without boundary, and so 

d(ir § o 0')k © d(7r f o 0')k : TqU — ► T S S © Tff 

is injective for all u € U with (f>'(u) = (s,t). Restricting to U shows that 

d(7r s o <f>')\ u © d(7r T o 0')U : r u [/ — > T S S © T t T (43) 

is injective for all u G C/ with <^'(u) = (s,i). But if u G Z7 with 0'(u) = 
(s,t) and 0(s) = x', tp(t) = y' then d(irx ° cf))\ u = A9\ s o d(7rg o 0')|„ and 
d(7ryo^)|„ = d^|tod(7r r o^)| u , where d6»| s : T S S -> T x -X and <ty|t : T t T^T y ,Y 
are isomorphisms as (S,9), (T,t(j) are charts on X, Y. So composing (|43[) with 
d#| s x di/>|t shows that 

d(ir x o © d(^y o <j>)\ u : T U U — > T X ,X © T^/Y 

is injective, so (U,cf>) satisfies the conditions of Theorcm l6.4l 

We have now shown that W can be covered by charts (U, <fi) satisfying the 
conditions of Theorem 16.41 For such (U, <f>), observe that (|13[) actually maps 

d{n x o 0) u © d(7r y o 4>) u : T U U = R n — > 

(44) 

{(«,/?) G T x X(BT y Y : d/| a (a) = d.g|. y (/?)}. 

Now the r.h.s. of IjHJ) has dimension n by transversality of /, g, and (|4"4")l is 
injective, so it is an isomorphism. Let (U,4>) and (V,ip) be two such charts, 
and u £ U, v € V with 0(u) = ij}(v) — (x,y). Since (I44[) and its analogue 
for (V, ip) are isomorphisms, we see that o is differentiable at u and its 
derivative is an isomorphism, the composition of (|44[) with the inverse of its 
analogue for ip. Using the same argument for all u G (j)^ 1 (tp(V)), we find that 
t/j^ 1 o : ^^(ipfV)) — > ip^ 1 (4>(U)) is a diffcomorphism, and so (U, 4>), (V, ip) are 
automatically compatible. 
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Therefore the collection of all charts on W satisfying the conditions of Theo- 
rem !6.4l is an atlas. But any chart compatible with all charts satisfying Theorem 
16.41 also satisfies the conditions of Theorem 16.41 so this atlas is maximal. Also 
the topological space W — X x z Y is paracompact and Hausdorff , since X, Y, Z 
are paracompact and Hausdorff as they are manifolds. Hence the construction 
of Theorem 16 .41 does make W into an n-manifold with corners. 

It remains to show that ttx '■ W — > X, iry ■ W — > Y are smooth. They 
are clearly continuous, since W was defined as the topological fibre product. 
Locally itx , are identified with its : V —> S and ttt '■ V — > T above, which 
are restrictions to V of irg : V — > S and nf : V — > T. But V is a fibre product of 
manifolds without boundary, so w s , 7tf are smooth, which implies that tt$, t^t are 
weakly smooth. To prove its, are smooth we note that (S, si) for i = 1, . . . , a 
are boundary defining functions on S at (s, {si — 0}), and (T, tj) for j = 1, . . . , b 
are boundary defining functions on T at (t, {tj = 0}), and we show using the 
discussion of (i)-(iv) that the pullbacks to V satisfy the conditions of Definition 
13.11 As smoothness is a local condition, nx , 7ry are smooth. □ 

Proposition 8.2. In the situation of Proposition 18.11 W, ttx^y ore a fibre 
product X x f t z, g Y in Man c . 

Proof. By definition fonx = go-n Y . Suppose W is a manifold with corners and 
ir' x : W' — )• X, tt'y ■ Y' — > Y are smooth maps with / o ir' x = g o tt' y . We must 
show there exists a unique smooth map h : W' — > W with ir' x — nx ° h and 
tt'y = 7ry o h. Since W is a fibre product at the level of topological spaces, there 
is a unique continuous map h : W —} W given by h(w') = (■k' x (w') 1 ity{w')) 
with Tt' x = ttx ° h and ~k' y — t^y ° h. We must show h is smooth. 

Let w' 6 W, with tt' x (w') = x £ X and n' Y {w') = y 6 Y, so that f{x) = 
g(y) = z G Z. Let (R, 9), {S, tp), ... be as in the proof of Proposition 18. II Then 

V = RXfS is a, fibre product of manifolds without boundary, and V — RxtS C 

V is a manifold with corners, and 8 x ip : V — > W is & diffeomorphism with 
an open subset of W. Let U' be an open neighbourhood of w' € W such that 
n x {U') C 6(S) and tt y {U') C if)(T). Consider the map h = (0 X i/O" 1 o h\u> : 
U' —> V C V. We will show h is smooth. This implies h\u' = (0 X tp) a h is 
smooth, so h is smooth as this is a local condition. 

As TT S o h = (9 _1 o n' x and irf o h = o ir Y are smooth, and V = R Xf S 
is a fibre product of manifolds, we see that h : U' — > V is smooth, and therefore 
h :[/'—> V is weakly smooth. To show h : U' — y V is smooth, we must verify 
the additional condition in Definition 13.11 It is enough to do this at w' e W 
and (0, 0) £ V. The proof of Proposition 18 . 1 1 shows that V is given by (|38|) . and 
the inequalities ^ 0, Sj ^ in (|38|) are transverse. Therefore, if j3 is a local 
boundary component of V at (0, 0), then either (a) (V, r^) is a boundary defining 
function for V at ((0, 0), (3) for some ^ appearing in (|3^|) . or (b) (V, si) is a 
boundary defining function for V at ((0, 0), (3) for some Sj ^ in (|38|) . 

In case (a), as (6(U),ri o is a local boundary defining function for X 
at (a;, 0*({ri = 0}), and tt' x : W' — > X is smooth, by Definition 13.11 either 
n o O^ 1 o tt x = near «/ in W or ((7r^-) -1 (#(?/)), o o n'x) is a boundary 
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defining function for W at some («/, ft). Since o ft = ri o O^ 1 o tt' x \u> and U' 
is an open neighbourhood of w' in W it follows that either o ft, = near u/, 
or (V, rj o ft,) is a boundary defining function for U' at some («/, ft. This proves 
the additional condition in Definition 13.11 in case (a). The proof for (b) is the 
same, using ir' Y : W' — >• Y smooth. Thus ft, and hence ft, is smooth. □ 

9 Proof of Theorem 16.111 

We first construct bijections (f2~Tj) -(f22" j) . Let X,Y,Z be manifolds with corners, 
and / : X — > Z, g : Y — > Z be strongly transverse smooth maps, and write W for 
the fibre product X x f z, g Y, which we proved exists as a manifold with corners 
in SJS] Let (x, y) <E W, so that x £ X and y G Y with f(x) = g(y) — z G Z. 
Use all the notation of Proposition 18. 11 so that the local boundary components 
of X at x are ft, . . . , ft a , of Y at y are ft, . . . , ft, and of Z at z are ft, . . . ,ft c . 
Then over x, y, z, the maps C(/), C(g) are given explicitly by (|36[) in terms of 
P f ,P 9 C {l,...,c} and maps II^ : P-f {1, . . . , a} and IF : P 9 

Properties of these Pf,P 9 ,U.f, IP are given in (A)-(D) of the proof of Propo- 
sition lKTl In addition, as /, g are strongly transverse, there are no ^-equivalence 
classes E of type (b) in part (C), since if E is such a class then (|3l)|) gives 

C(f)(x,{ft l :i&rt(E)})=C(g)(y,{ft l : iGlP(£)}) = (z, {ft : jG£}), (45) 

and j = \W(E)\, k = \Il 9 (E)\, I = \E\ satisfy j,k,l > and j + k = I, 
contradicting Definition ^. 101 Using (|36|) and these properties of P? ,P 9 , IF , II 9 
we can describe the points of the r.h.s. of (|21j) over x, y, z explicitly when i = 1. 
We divide such points into three types: 

(i) ((x, {fti}), (y, 0)) for i G {1, . . . , a} \ IF" (Pf ) lies in the term on the r.h.s. 
of (HID with i=j = l and fc = Z = 0, as C(f)(x, {fti}) = C(g)(y,9) = (z,0). 

(ii) ((a;, 0), (y, {fti})) for i G {1, . . . , b} \ U 9 (P 9 ) lies in the term on the r.h.s. 
of d2U) with i = k = l and j = Z = 0, as C(/)(x,0) = C(g)(y,{ft}) = (z,0). 

(iii) ((x, {ft : i G IP* (£)}), (y, {ft : i e IP (£)})) for P a ^-equivalence class 
of type (a) in part (C) lies in the term on the r.h.s. of (|21l) with i = 1, j = 
\Il f (E)\, k = |IP(P)|, I = \E\, since then (05J holds, and i = 1 = j + k-l. 

Now near (x, y) is diffeomorphic to V near (0,0), where V is given in 
(|3"5|) . and the inequalities ?-j ^ 0, Sj ^ in (1551) are transverse. Thus, the 
local boundary components of W at (x, y) correspond to the inequalities r, 0, 
Si ^ appearing in (I38[) . These in turn correspond to points in the r.h.s. of (|2ip 
with i = 1 as follows: 

• The local boundary component = for i G {1, . . . , a} \ IF (P* ) of V at 
(0, 0) corresponds to the point ((x, {ft}), (y, 0)) of type (i). 

• The local boundary component Sj = for i G {1, . . . , 6} \ II 9 (P 9 ) of V at 
(0, 0) corresponds to the point ((x, 0), (y, {ft})) of type (ii). 
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• The local boundary component ru f U) = for i G Q of V at (0,0) corre- 
sponds to the point ((x, {ft : i G 11/ (-E 1 )}), (y, {ft : ! e IP(£)})) of type 
(iii), where E is the unique ^-equivalence class containing i. 

(Note that Q contains one element of each fa-equivalence class.) 

The natural map JT i>0 C ( W ) ~> LI^o C ( X ) x U l>0 C(z) Uk>0 C ( Y ) referred to 
in the last part of Theorem 16.111 agrees with this correspondence. 

This proves that (|2"Tt is a bijection for % = 1. For the general case, sup- 
pose (w, {ft,..., ft}) G C l {W). Let (w,{ft}) correspond to ((x, ft), (y, A a )) 
as above for a = 1, . . . ,i. Then C(f)(x,J a ) = C(g)(y,K a ) = {z 7 L a ) for some 
L a . It is easy to show that as ft,..., ft are distinct, the subsets Ji,...,ft 
are disjoint, and -fCi , . . . , Ki are disjoint, and Lx,...,Li are disjoint. Also 
C{f)(x, Ji H • • • II ft) = Ifi H • • • Hifi) = (z, Li n • • • n £;). Hence 

((x, ft n • • • n JO^^XiH-.-n^)) e 

(q(X) n c(/)- 1 (G(^))) xo(/ )) o I (z) ) o( ff ) (CfcOO n c^r 1 ^ (£))), 

where j = |ft| H h |ft|, fe = H h |Ai| and Z = |ii| H h |-ft|. As 

1 = \ Ja\ + A a — l-^al for a = 1, . . . ,i, we have i = j + k — I. So mapping 
(to, {ft,..., ft}) to {{x 1 J 1 U---\\J i ) 1 {y,K 1 \\---\\K l )) takes the l.h.s. of (2D 
to the r.h.s. of (f2Tj) . Generalizing the argument in the i = 1 case proves that 
this map is a bijection, so (|2"TT) is a bijection, and thus (|2"2"j) is a bijection. 
Now let («;, {ft,, . . . , ft J) g Q(W0 with 



C(7rx) : (w, {ft, , . . . , ft 4 }) .— > (x, {ft, , . . . , p b] }) G CftA), 
C{ir Y ) : (tu, {ft, , . . . , ft 4 }) .— > (y, {ft, , . . . , ft J) G C ft (Y), 
C(f) : (x, {ft, , . . . , ft, }) .— > (z, {ft, , . . . , ft, }) G a 
(7( 5 ) : (y, {ft, , . . . , ft fc }) .— > (z, {ft, , . . . , ft, }) G C7, (Z). 



and 



Define an immersion l 1 w : Ci(W) — > W by l 1 w : (w, {ft, , . . . , ft;}) w, and 
similarly for A, Y, Z. Then i l z o C*(/) = / o near (x, {ft, , . . . , ftj) in Cj (A), 
and so on, so we have a commutative diagram 



-(w,{p ai ,...,p a J) 



Ci(W) 



C k (Y) 



T, 



'(x,{0 H ,...,0 bj })Cj(X) 




(46) 



Since W — X Xz Y in Man c , in (|46|) we have an isomorphism 
dir x © dTry : T„,VF A Ker((d/ © -dy) : !ft.A © T y F — > T Z Z) 



(47) 
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As l 1 w , t x , Ly , i^z are immersions, the diagonal maps Al 1 w , di x , di Y , dt l z in P51) 
are injective. Thus we can identify T^ w ^ ^Ci(W) with its image in T W W 

under di\y, and similarly for X, Y, Z. The proof of Proposition 18.11 implies that 
for each local boundary component j3 a of W at w, the tangent space T w f3 a C 
T W W is the pullback under df or dg of T x /3i, or T y /3 C for appropriate local 
boundary components fib of X at x or (3 C of F at y. So using that (PfTl) is an 
isomorphism and di^ is injective, we see that 

Ker(dC(/) © -dC( 5 ) : ^^...^.^(X) © T^^.. .J cJ) Q(F) (48) 

is an isomorphism. That is, (H51 is injective as it is a restriction of (|4"T1) which 
is injective, and it is surjective as the equations defining T^ w ^ y^Ci(W) 
in T W W are pullbacks of equations defining T^ x ^p ,...,p b })Cj(A) in T X X or 
defining T {y { ^ ^ }) C k (Y) in T y F. 

As W — X Xz Y we have dimW = dim AT + dimF — dimZ, and i = 
j + k-l from above. So dim Ci(W) = dim Cj(X) + dimC fc (y) - dimC;(Z) as 
dxmCi(W) — dvmW — i, Together with P5|) an isomorphism this implies 

Wab^ 3 (49) 
dC(/)(T (a , Wi ,... Aj}) Q(x)) +dC( fl )(T (Vi{ ^ i „ Jofc} jC fc (y)). 

Let x £ S P (X), y £ S* 9 (F) and z G S r (Z). Then as / is transverse we have 

r z (^(z)) = d/ixCr.os'pO)) + d 5 |,(T,(^(r))) (so) 

Clearly (as, {fa, . . . , fa}) e S>~i(Cj{X)) and d4(T (x>{/3()ii ... A . }) ^(7 7 -(X)) 
= Ta;5 p (X). So pulling back O using l x ,l y ,l 1 z yields 

dC(/)| ( ,, {Al ,.„,^ }) (T (a , {Aii .„,^ }) (^-^C i (X))))+ (51) 

Equations (|49l) and (j5"Tj) imply that the fibre product in (f^Tj) is transverse, as we 
have to prove. So the fibre products in (|2"Tj) exist in Man c by Theorem l6.41 and 
the natural map from the left hand side of (j2"Tj) to the right hand side is smooth. 
We have already shown it is a bijection, and (|48[) an isomorphism implies that 
this natural map induces isomorphisms on tangent spaces. Therefore (1211) is a 
diffeomorphism. This completes the proof of Theorem 16. Ill 
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